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Abstract

These notes are written for the course “Topics on Partial Differential Equation”. We start
from functional analysis which is useful in the study of PDE. Based on Hilbert spaces and
self-adjoint operators, we cover spectral theory, perturbation theory of operators, semigroup
theory, and several related topics.
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1 Introduction

In a standard undergraduate course on functional analysis one learns the basic theory of bounded
operators, but this framework is often too restrictive. When we study problems arising from partial
differential equations, most of the operators we encounter are in fact unbounded. For instance,
the most common example, the Laplace operator —A, is not a bounded operator. Moreover, its
domain imposes strong regularity requirements, which means that we can no longer demand that
an operator be defined on the whole space. Instead, it is natural to merely require that the operator
be densely defined. This also agrees with the spirit of analysis.

In what follows we begin with the basic theory of unbounded operators. We take for granted
the standard material in undergraduate functional analysis and advanced real analysis; see [1][5],

and then move directly to our main topic.

2 Unbounded Operators

2.1 Closed and closable operators

First of all, we recall the definition of bounded operators. Suppose A is a bounded operator, then
its domain D(A) = H and sup || Aul]
u

(]|

< 0o. Here we always let H denote Hilbert spaces. Then we

can give the precise definition of unbounded operators.

Definition 2.1 (Unbounded operators). A densely defined linear operator A is called a unbounded
operator if there is no constant C' > 0 such that ||Az|| < C||z|| holds for every z € D(A).

Now we have defined unbounded operators, but how can we similar continuity as the bounded

cases? Then it comes to the conception of closed operators.



Definition 2.2 (Graphs and closed operators). Suppose operator A : D(A) — H, then graph is
defined as the set {(z,y) € H x H : x € D(A),y = Ax}, and the operator A is called a closed
operator if G(A) is closed in H x H. Equivalently, A is closed if and only if we have z € D(A)
and y = Az when x,, € D(A) and (x,,, Az,) — (z,y).

We emphasize that, in the unbounded setting, one cannot simply apply the usual closed graph

theorem in the same way as for bounded operators.

Example 2.3. It’s important to note that whether an operator is closed depends on its domain.
Suppose A = —A, ifits domain is C°(R"), then is not a closed operator, but for the case H?(R"),
it is. Here the range is L2(R").

Proof. Consider ¢, = e*‘“PCk where (j, is smooth localization, then ¢ — e~1** in L2 norm
which implies the —A is not closed. But for the H? case, we have already known that ||u|| 2 ®n) T
|| = Aul[2(gn) is an equivalent norm with respect to H? norm, so we can verify the limit of the

sequence we considered has limit in H2. Then it implies —A is a closed operator. O

We can also weaken the condition of the definition of closed operators, and then it comes to

the closable operators.

Definition 2.4 (Closable operators). Let A; and A be defined on H with G(A) C G(A;), then
we call A; is an extension of A. Equivalently, D(A) C D(A;) and Az = A,z for Vo € D(A).
If A has a closed extension, then we say A is closable.
The smallest closed extension of A is called the closure of A, written as A. Equivalently we

have the following relation
G(A) C G(A) C G(Ay), where A is an arbitrary closed extension of A.

However, the description of closable operators is not always convenient, and then we have the

following lemma to better describe the closable property of an operator.

Lemma 2.5 (Closable property). The followings are equivalent:
(1). Ais closable;

(2). if {z,,} € D(A), then (z,, Azy,) — (0,v) implies v = 0;
(3). if {z,,} € D(A), then (z,, Azy) — (u,v) implies v = Au.

Proof. (1)=-(2): Suppose A; is a closed extension of A, then (x,,, Axy,) = (xn, A1x,) — (x =
0,Ax) = (0,0).

(2)=(3): Consider z,, = z, — .

(3)=-(1): It’s a constructive proof. Let R be a new operator, whose domainis D(R) = {z : Jy €
H s.t. (z,y) € G(A)}, and then we can verify it’s the closure of A. First, let y = Az, and then
D(A) C D(R). Secondly, y is unique thanks to (2). Finally, we can define Rz = y and it’s easy to
see R is closed from the construction. Then A is closable. Here we recall the definition of D(R),

it’s easy to verify it’s the smallest closed graph, so R = A. O

Remark. From the proof above, we know that G(A) = G(A) if A is closable.



2.2 Conjugate Operators

In the bounded case, we can define the conjugate operators directly or by Riesz representation
theorem, but how can extend this definition at the unbounded settings? Here we implement it
in the form of Riesz representation. Suppose A is densely defined on H, let D(A*) = {y € H :
(Az,y) < Cyl|z||, Vo € D(A)}, and then we actually define a bounded operator f,(z) = (Ax,y).
By Riesz representation theorem, we have (Az,y) = (z, A*y).

Definition 2.6 (Conjugate operators). Suppose A is a densely defined operator on H, we say the
operator A* is the conjugate operator of A if D(A*) = {y € H : (Az,y) < Cyl|z||, Vo € D(A)}
and

(Az,y) = (z, A"y) holds for Vz € D(A) andy € D(A").

Conjugate operators are great objects to study since they have quantities of good properties.

Proposition 2.7. Suppose A, B are densely defined, and A C B, then B* C A*,

Proof.
y € D(B*) & (Bx,y) = (z, B*y) for Vo € D(B);
= (Az,y) = (x, B*y) for Vo € D(B);
= B*y = A"y for Vy € D(B*)

= D(B*) C D(A").

O
Proposition 2.8. A* is a closed operator.
Proof. Suppose {y,} C D(A*) and (yn, A*yn) — (y, z). Then we have
(Azx,y) = nan;O<Ax,yn> = nli_>n;o<x, A*yn) = (x, z) for Vo € D(A).
It implies y € D(A™). O

Example 2.9. Suppose A = —A, D(A) = C°(R"), compute D(A*).

Proof. 1t’s easy to verify that H?(R™) C D(A*). Then we aim to show that H? = D(A*). Since

Fourier transform is a unitary transform on L?, we have
(—=Af.9) = ([€*F.9) = (£, 16P9).
Since C2° is dense in L?, then it force that || € L?, and it implies that D(—A*) = H?2. O

In order to describe further properties of A*, we give the following lemma.

L
Lemma 2.10. G(A*) = {(2,A%z) : z € D(A")} = [V (A)} , where V' is a unitary operator
on H x H defined as V (z,y) = (y, —x).

Proof. Firstobserve that [v (A)}L = [VG(A)]*. Then (y, 2) € [VG(A)* = (y, 2) LV (z, Az) &
(Az,y) = (z,z) for Vo € D(A). O



Then we can prove an important theorem for conjugate operators.

Theorem 2.11. Suppose A is densely defined, then we have:
(1). Ais closable < D(A*) is dense in H;
(2). if A is closable, then A** = A.

Proof. For the necessity part, we prove it by contradiction. If D(A*) # H, then there exists a
y # 0,s.t. y € (D(A*)). But we note that

((0,y),V(z,A*x)) = —(y,z) = 0, for Vo € D(A™.)
However, it implies that
0.9) € VG = [v [vew)*]]” = am.

Then it leads contradiction!
Conversely, we can consider A**, and we aim to show that G(A**) = G(A). Using the lemma

above, we have

1
G(A™) = [VG(A*)} - [V(V[G(A)]l)] — G(A).

So A is closable.
The proof of (2) is contained in the proof of (1). O

In the undergraduate functional analysis, we have orthogonal decomposition theorem for the

bounded operators, and here, the statement holds still.

Theorem 2.12 (Orthogonal decomposition). Let A be a densely defined operator. H = Ran(A) ®
ker(A*).

Proof. Tt suffices to show ker(A*) = Ran(A)". We compute the process as following:
Yy € ker(A*) & Axy =10
< (x, A%y) = 0 for Vo € D(A) since D(A) is dense,
& (Az,y) =0 forVz € D(A),
< ylRan(A)
& ker(A*) = Ran(A)*

2.3 Self-adjoint Operators and Symmetric Operators

In this subsection, we generalize the definitions of self-adjoint operators and symmetric opera-

tors.

Definition 2.13 (Symmetric operators). Let A : D(A) — H be a densely defined operator. A is

called a symmetric operator if the formula
(Az,y) = (2, Ay)
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holds for any x, y € D(A).

We should notice the domain here since we usually don’t know the relation between D(A) and
D(A").

An important property of symmetric operators is the following lemma.
Lemma 2.14. Symmetric operators are closable operators.
Proof. By the criteria for the closable operators, let {z,} C D(A) converge to 0, and then it
suffices to show Ax,, — 0. Assume that Ax,, — y. Then we have

(y,w) = lim (Azy,,w) = lim (z,, Aw) =0

n—oo n—o0

hold for Vw € D(A). Then it implies y = 0 since D(A) is dense. O

The following definition is slightly different from the definition of symmetric operators.

Definition 2.15 (Self-adjoint operators). Let A be a densely defined operator. A is called a self-
adjoint operator if D(A) = D(A*) and Az = A*z holds for Vo € D(A*).

Using the properties above, we can have a useful observation that if A is symmetric, then A is
closable, i.e. A* is densely defined, which implies that A** = A.

Now we give a summary for the properties above.

Proposition 2.16. (1). If A is symmetric, then A C A*™* = A C A*.
(2). If A is symmetric closed, then A = A** C A*.
(3). If A is self-adjoint, then A = A™ = A*.

There are more conceptions for different kinds of operators, like essential self-adjoint operators
and so on; see [3] for details.
Now it comes to a pratical problem, how can we find a self-adjoint operator? The following

theorem helps a lot since we can always verify if an operator is symmetric.

Theorem 2.17. Let A be a symmetric operator, then the followings are equivalent:
(1). A is self-adjoint;

(2). Ais a closed operator and ker(A* +1i) = {0};

(3). A is a closed operator and Ran(A F1i) = H.

Proof. We can prove that (2) and (3) are equivalent first. By orthogonal decomposition, (2) implies
(3). Conversely, we can see Ran( A7) is dense. Since A is closed and ||(A F1)|| > ||z||, we can
see the range is actually closed.

Then, if A is self-adjoint, assuming ¢ € ker(A + =+i), then we have

0= ((A"+1)¢,¢) = (A%¢,8) = (¢, ¢).

And it implies ¢ = 0, so we have (1)=(2).

Conversely, it suffices to show D(A*) C D(A) since A C A*. Let ¢ € D(A*). Since
Ran(A — i) = H, there isann € D(T) so that (A —i)n = (A* —1i)¢. D(A) C D(A*). so
¢ —mne€ D(A*)and

(A" —i)(¢— ) = 0.



Since Ran(A +1i) = H, ker(A* — i) = {0}, s0 ¢ =n € D(A). This ends the proof. O

2.4 Spectrum of Linear Operators

In the undergraduate functional analysis, we already define the conception of spectrum of bounded

operators, here we just generalize slightly.

Definition 2.18 (Bounded inverse). Let A be a densely defined operator. We say A has bounded
inverse if there exists A~ : H — D(A) satisfying the followings:
(1). AA™' =Igand A1 A = Ipuy;
(2). A~ is bounded.
Definition 2.19 (Resolvent sets and spectrum). We say p(A) is resolvent set of A if p(A) = {\ €
C : A — X has bounded inverse} and 0(A) = C \ p(A) is the spectrum of A. More precisely,
the point spectrum is o,(A) = {\ € C : ker(A — AI) # {0}}, the continuous spectrum is
oc(A) = {\ € C : ker(A — X\I) = {0} and Ran(A — \I) # H but Ran(A — \I) = H} and
residual spectrum is o, (A) = {\ € C : ker(A — \I) = {0} and Ran(A — \I) # H}.

Here we do not define discrete spectrum and essential spectrum for this time being, since we

do not define spectral projections.

Now we begin to discuss the properties of the spectrum of self-adjoint operators.

Theorem 2.20. Let A be a self-adjoint operator. Then:
(1). o(4) CR;

(2). 0r(A) = 9

(3). eigenfunctions of different eigenvalues are orthogonal.

Proof. (1). By the criteria of self-adjoint operators, we have ker(A + a + bi) = {0} and Ran(A +
a+ bi) = H if b # 0. And we have coercive estimate

(A4 a+ bi)x,x) = blx, ).

It implies that
bl|z|| < |[(A+ a4+ bi)x]|.

So we can see a + bi € p(A).
(2). By orthogonal decomposition, we have

0 = ker(A — \) = ker(4* — \) = (Ran(A — \))*

holding for VA € 0(A) \ 0,(A). And then we have Ran(A — \) = H. So 0,(4) = @.
(3). Note that we have

Mp, ¥) = (Ap,¥) = (p, AY) = plp, ).

O]

Example 2.21. Since the last example, we know that —A is a self-adjoint operator on H?(R%),

and here we can compute its spectrum o(—A) = [0, 00).



Proof. Consider the resolvent equation (A — \)u = f, then we have (|¢|> — A\)a = f. It implies
that A € o(A) ifand only if A > 0. O

3 Spectral Theory

After a brief introduction to unbounded operators, we enter the most important part of our notes,
the spectral theory. We will begin with the spectral theory of bounded operators, and then general-
ize it. This section is mainly based on [3][4].

3.1 Spectral Theory of Bounded Operators
In the undergraduate functional analysis, we have shown the following theorem.

Theorem 3.1. Let A be a bounded operator, then:

(1). p(A) is open;

(2). o(A) is closed;

(3). Ra()\) = (A — AI)~7! is an analytic function with respect to A € p(A);

(4). i A, 1 € p(A), then Ra(\)Ra() = Ra(u)Ra(\);

(5). Ra(A) = Ra(p) = (A = p)Ra(A) Ra(p);

(6). if A and B are densely defined, then for Vz € p(A) N p(B), we have R4(z) — Rp(z) =
Ra(2)(B— A)Rp(z);

(7). (Spectral Radius Formula) r(A) = nILIEO HA”H%,

(8). if A is self-adjoint operator, then || A*Al|,, = || A2,

Our idea for proving continuous functional calculus is Stone-Weierstrass Approximation The-

orem and polynomial functional calculus. To begin with, we have the following lemma.

Lemma 3.2. Let A be a bounded operator, and p(x) be a polynomial p(x) = > a;x’. Then we
i=0
have o(p(4)) = p(c(A4)) = {p(A) : A € o (A)}.

Proof. First, we show that p(c(A)) C o(p(A)). Suppose A € o(A), then we have p(z) — p(\) =
(z — A)q(zx), which implies that p(A) — p(A) = (A—X)q(A). If we have p(\) € p(p(A)), then we
have I = (A—\)q(A)(p(A) —p(A\))~L. Butit implies that A — X is invertible, and then A € p(A).
It leads contradiction.

Conversely, it suffices to show o(p(A)) C p(o(A)). Let z € o(p(A)). By fundamental

theorem of algebra, we have p(z) — z = [] (z — Ai(2)), and then it implies
i=1

A) = 2I = [[(A = \i(2)])
=1

Since z € o(p(A)), there is j s.t. A — \;(2) is not invertible, so we have \;(z) € o(A) such that
z =p(Aj(2)). Then we have o(p(A)) C p(a(A)). O

Then we have a further lemma.



Lemma 3.3. Let A be a bounded self-adjoint operator, then we have

lp(A)[[op = sup [p(N)] = |[pl|zoc(o(a))-
AEa(A)

Proof. First we have a simple observation that if A is self-adjoint, then p(A) is also a self-adjoint
operator.

Then we casn compute as following:

P12, = [1p(A) P(A)llop = 1(BP) (A)llop

=7r((Pp)(A)) =  sup |}
Xea((pp)(A))
= sup [Al= sup [(pp)(N)]
AE(pp)(a(A)) Aea(A)
= sup [p(M)*.
A€o (A)
Then we show that [|p(A)||op = supcq(a) [P(A)| = |[Pl|Loc (0(4))- O

After a long preparation, we can state the most important conclusion for this subsection.

Theorem 3.4 (Continuous functional calculus). Let A be a bounded self-adjoint operator. Then
there is a unique mapping ¢4 : C(c(A)) — L(H) satisfying the following properties.
(1). ¢4 is an algebraic *-homomorphism, that is to say, for Vf, g € C(c(A)), A € C, the following

formulae hold )

pa(I) = Iy

¢a(f) = ¢a(f)*

Pa(fg) = da(f)oalg)
oa(f +9) = oa(f) + dalg)
pa(Nf) = Ada(f).

(2). ¢4 is isometric, that is to say, |[¢a(f)lop = [[f|L>(0(a))

(3). If f(x) = =z, then p4(f) = A.

(4). (Spectral mapping theorem) o(f(A)) = f(c(A)).

(5). If f(z) > 0 for Vz € o(A), then f(A) > 0and (f(A)x,z) > 0.
(6). If Ay = \ip, then f(A)Y = f(N)e.

Proof. (1), (2) and (3) are easy to verify by the previous lemmas and the density of polynomials
in C(o(A))(Stone Weierstrass theorem).

(4). We first show that f(c(A)) C o(f(A)). Suppose A € o(A), it suffices to show f(\) €
o(f(A)). Let o = x(222
there is a function . with ||| = 1 such that

) be a smooth and compact supported function with ||x||z~ = 1. Then

[Ixe(A)We]| = [lxellop = lIxellLoo o (a)) = 1-



So, we have

lim [[(f(A) = f(A)xe(A)de|| < lim( sup [f() = F(MDIIXellLo (o)) = O-

e—0 e—0 pea(A)

It implies that f(\) € o(f(A)). Conversely, we show that o(f(A)) C f(o(A)). Letz € o(f(A)).
If z ¢ f(0(A)), then we can define a function ﬁ which is a continuous function with respect

to A € 0(A). Then it implies that z € p(f(A)), but it leads to contradiction.
(5) and (6) can be verified directly by (4). O

Corollary 3.5 (Square-root lemma). Let A be a positive defined and bounded self-adjoint operator,
which is to say, (Az,x) > 0. Then o(A) C [0, 00) and there is a self-adjoint operator B > 0 such
that A = B2.

Proof. Since the spectrum of self-adjoint operator is always real, then for any A < 0, we have
(A= (=AD))a,z) > N[z

It implies that 0(A) C [0, 00). Then we can consider f(z) = \/z, and Let B = f(A). O
Corollary 3.6 (Spectral distance). Let A be a bounded self-adjoint operator. Then we have

1

Ryx(A)l|op = —+———-
H )\( )H P dlSt(/\,U(A))

Proof. 1t’s the direct application of Spectral mapping theorem. Since

1
T — A

1
Le(o(ay  dist(A o (A4))

1
[[BA(A)]lop = HA—/\

3.2 Borel Calculus and Spectral Theorem

Since we usually deal with Borel measurable functions, we need to generalize our theory further.

First, we introduce an acknowledgement theorem.

Theorem 3.7 (Riesz representation theorem). Let X be a compact Hausdorff space. Then C(X)*
is isometrically isomorphic to M (X ), where M (X ) denotes the space of the complex Radon mea-

sures on X.

Definition 3.8 ((Scalar)Spectral measure). Let A be a bounded self-adjoint operator. For Vz,y €
H, we define a linear functional I, ,, : C(c(A)) — C, f — (z, f(A)y). By Riesz representation
theorem, there is a unique finite regular Borel measure dy, () such that

Loy(f) = / pRCLTE

holding for Vf € C(c(A)). Then we say dji, is the spectral measure corresponding to A.

Remark. Now we get a family of measures indeed, so we cannot treat Null sets casually as usual.



We first generalize our theory to bounded Borel measurable functions. Let Bj(o(A)) denote

the family of functions we consider now. And we endow the supremum norm on it, that is to say,
1B, = I fll Lo (o a))-

Theorem 3.9 (Borel functional calculus). Let A be a bounded self-adjoint operator. Then there is
aunique ¢4 : By(o(A)) — L(H), f — f(A), satisfying the following properties:

(1). ¢4 is an algebraic *-homomorphism.

(2). ¢4 is norm continuous: |[¢a(f)||op < ||f]|5,-

(3). Let f(z) = x,and then ¢4 (f) = A.

(4). Suppose fn(x) — f(x) for each x and sup,, ||f»||B, is bounded. Then ¢pa(fn) — ¢da(f)
strongly.

Moreover ¢ 4 has the properties:

(5). If Ay = A, then pa(f)Y = f(A)).
(6). If f > 0, then p4(f) > 0.
(7). If BA = AB, then ¢.(f)B = Boa(f).

Before our proof, it is worth noting that we do not have the same Spectral Mapping Theorem

as before and the conclusion here uses the conception of essential range whose definition is
essRang(f) ={A e C:Ve >0,E({z€0a(A):|f(z) — Al <e}) #0}

where E denotes the spectral projection measure. We will introduce this result later.

Proof. ForVf € By(c(A)), we can define a bilinear functional

af(z,y) = f(2)dpay(2)
o(A)

for Va,y € H. Then it is easy to see that
lag (2, )| = 1Flls |1 yllrv < |15, |2 l[yl]a-

By Riesz representation theorem, there is unique bounded linear operator f(A) such that
S = arte) = [ FE)nn )

Now we successfully generalize our domain of *-homomorphism from continuous functions to
bounded Borel functions by the integral of spectral measure. (1), (2) and (3) are easy to verify since
we can always Approximate a measurable function almost everywhere by continuous function

(4). Now let f,, converge to f for each x. To show strong convergence, it suffices to show

10a(fa)z = da(f)z]® = (Dalfu — Fla,¢a(fo = Nz) = (,0a(|fn — [IP)z) = 0.

Then it is equivalent to show

/ |fn*f|2d,uz,a: — 0.
o(A)

10



However, we already know that f,, is uniformly bounded and converges pointwise, and then we
can use dominated convergence theorem with respect to the measure i, .. Thus (4) is finished.
(5), (6) and (7) are quite direct. O

In the last theorem, we constructed a functional calculus, f — f(A) for any bounded Borel
functions and any bounded self-adjoint operator A. The most important functions gained in pass-
ing from the continuous functional calculus to the Borel functional calculus are the characteristic
functions of sets.

We first give the abstract definition of projection-valued measure(p.v.m.).

Definition 3.10 (Projection-valued measure(p.v.m.)). Let £ : B(R) — P(H). The family {E/(-)}
of spectral projections of a bounded self-adjoint operator, which has the following properties:
(1). Each E(€2) is an orthogonal projection.
(2). E(@) =0, E((—a,a)) = I for some a.
(3). E(BiN By) =1p,1p,.
(4). Suppose {B; }2, is disjoint pairwise, then E(UB;) = s — i E(B;).

=1

(2
is called projection-valued measure(p.v.m.).

Remark. Here (1) and (4) imply (3). Condition (2) guarantees that the a p.v.m. must be associated

with certain self-adjoint self-adjoint operator.

Now, we can introduce a natural example from what we have investigated above.

Definition 3.11 (spectral projections of A). Let A be a bounded self-adjoint operator and ¢ 4 the
Borel functional calculus constructed above. For each Borel set B C o(A) define

E(B) := x5(A),

where x g is the characteristic function of B.

Proposition 3.12. The map E : B(o(A)) — L(H) defined by E(B) = xp(A) is projection-
valued and countably additive in the strong operator topology. In particular, { E(B)} is a projection-

valued measure, called the spectral measure of A.

Proof. Since x4 = xB = X5, by the *-homomorphism property we have
E(B)* = xp(A)* = x5(A) = x5(A) = E(B), E(B)" = E(B),

so F(B) is an orthogonal projection.
Clearly E(0) = 0and E(0(A)) = xs(a)(A) = I.
If By, By are Borel sets, then xB,nB, = X B, XB,, hence

E(B1 N Bs) = xBinB,(A) = xB,(A)xB,(A) = E(B1)E(By).

o0

Now let (B,,) be pairwise disjoint Borel sets and put B = | J,~_; By. Then for each A,
oo
xs(\) = xB, (),
n=1

11



and defining fy = 227:1 XB, we have fxy — xp pointwise and || fx|c < 1 for all N. By
property (4) of the Borel functional calculus,

N N
E(B) = xp(A) = lim fy(4) = lim D xB,(A) =s- lim > E(By),
=1 =1

—00 N—oo N—oo
n

where the limit is in the strong operator topology. This shows that F is countably additive in the

strong sense. O

Although the p.v.m. is a definition which seems to be slightly abstract, we can see that it’s just

a generalization from the original scalar spectral measures.

Proposition 3.13. For each x,y € H, the measure p, , constructed from the Borel functional
calculus satisfies
pay(B) = (z,E(B)y), B e B(a(A)).

Proof. For any Borel set B we have

(2. E(B)y) = (z.x5(A)y) = / X =ty (B),

by the very definition of y, , as the representing measure for the functional f — (z, f(A)y). O

Now, if we have a self-adjoint operator, by the characteristic functions, we can define Fo =
xa(A) which forms a family of p.v.m.. Conversely, if we have a family of p.v.m. {Eq}, then we
can get a bounded self-adjoint operator A by the spectral integral [ AdE), where E\ = E((—o0, A]).

From the argument above, we can summarize as following.

Theorem 3.14. There is a one-one correspondence between bounded sel-adjoint operators A and

bounded projection-valued measures { £} given by:

A {Eao} = {xa(4)}
{EQ} — A= //\dEQ.

One may ask a subtle question where the projection-valued measures are supported. And the

answer actually agrees with our intuition:

Proposition 3.15. Let the support of E be defined as supp(E) = R\|J{U : U is open and E(U) =
0}. Then supp(E) = o(A) where A := [ AdE).

Proof. First, we show o(A) C supp(E). If Ao ¢ supp(E), then there is § > 0 such that E((\g —
9, A+ dp)) = 0. Thus we can define a bounded Borel function

1
g AE (Ao —6,A+do)
0 )\E()\()—(g,)\-i-(S()).

Then we can define a bounded self-adjoint operator
B = / g(AN)dE).
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Then we have
(4= 0DB = (A= 1) [ 904Es = (A= M)g(N)dE».

Since F) is a zero mapping on the inteval (Ag — J, A + o), it has no contribution to the integral.
So we have
(A—XI)B = /1dE>\ =1.

Since B is bounded, then it implies A\ ¢ o(A). Thus we have shown that o(A) C supp(FE).
Conversely, if A\g ¢ o(A), then we can find a open set U containing )y and not intersecting
with o(A). Now, for any function h supported on U, by Spectral theorem, we have

h(A) = / h(A)dEy = 0.
a(A)
Then for any £ € H, we have

0 = (€, h(A)E) = / B(N)dpe ().

o(A

If we assume h > 0, then ¢ is zero on U for any { € H. Equivalently, it tells E is zero on U.
And this implies that supp(E) C o(A). O

3.3 Spectral Theory of Unbounded Operators

Now, we begin to extend our theory to the most general case, the Spectral theorem of unbounded
self-adjoint operators. To generalize, we need to change the definition of p.v.m. slightly.

Definition 3.16 (p.v.m.). Let E, be the operator xq(A) where xq, is the characteristic function of
the measurable set {2 C R. The family of operators has the following properties:

(1). Each E(€) is an orthogonal projection.

(2). E(9) =0, E((—00,00)) = I.

(3). E(B1N By) =1p,1p,.

(o0
(4). Suppose {B; }2, is disjoint pairwise, then E(UB;) = s — 1in11 E(B;).
1=

Then we can state the key theorem in this section. We first list some notations as following:

B(f) = /Q 4B, B,y = (z, E(B)y),

D(®(f))=Dy={ye H: /Q |fI?dE,, < oo}

Theorem 3.17 (Spectral theorem, spectral integral form). Suppose (E, €2, B(€2)) being a spectral
measure space. f is a measurable function in it. Then we have

(1). Dy is a dense linear subspace.

13



(2). Vx € H, y € Dy, the estimate holds

[ i) < el ( / |fr2dEy,y>2
Q Q

(3). There is a unique densely defined closed operator denoted as ®( ) whose domain is D and

it satisfies
(x,®(f)y) = / f(NAE, (\) forVax € H, y € Dy.
Q

@. [12(NHI* = Jo|f[PdEy g for Vo € Dy.

(5). calculus properties as following where f and ¢ are both measurable functions:
(). ¢(f) + 2(g) € (f +g), D(®(f) + ®(9)) € Dy N Dy.
(i)). P(Af) = AD(f).
(iii). (f)2(g) € 2(f9), D(®(f)®(9)) S Dy N Dyg  Dyq.

(6). ©(f) = ®(f)*. In particular, ®( f) is self-adjoint if and only if f|q is a real valued function.
(7). Dy = H ifand only if f € B, (12).

Proof. (1). We first show that Dy is a linear subspace. For scalar multiplication, we have

/ |f’2dEOél‘,OcJ? - 042/ ’f’ZdEaz,x
Q Q

For addition, we have polarization identity, so
E:v+y7x+y < 2Ew,x + 2Ey,y-

Then it suffices to show the density. Forn = 1,2,3 - - -, let A, be the subset of 2 in which | f,,| < n.
Ifz € H, let x,, = E(A,)z. Since

Ey, an(A) = (xp, Azy) = (x, E(AN Ay)x),

we have
/ FPAE,, . = / 1F21a,dEy 0 < 02| < oo.
Q Q

Thus x,, € Dy, and then it implies that D is dense.
(2). If z € H, y € Dy, the Radon Nikodym theorem, there is a function h,, with modulus 1
such that
hnflAndEz,y = 1An’f’d‘E$,y’-

Then we have

/Q1An\f|d\Ex,y| = (2, ®(1a, hnf)y)

< [ ®(1a, hn f)yll

:
— lall ( / |f1Anhn\2dEy,y)

< |l /Q FPAE, .

14



Using dominated convergence theorem leads the desired estimate.
(3). For a fixed y € Dy, consider

ly(x) = / fdE, .
Q
Since y is fixed, by (2), we have
[y (2)] Sy ],

which means [, is a bounded linear functional. By Riesz representation theorem, there is a unique
operator T’y : Dy — H such that

<ar,Tfy>—/Qde$,y.

It remains to show ®(f) = T is a closed operator. After showing (6), we can use ®(f) = ®(f)*
to prove it.

(4). Considering approximation sequence f, = f1lg4,, since f, is bounded, we can see
Dy_y, = Dy. Then we have

(2. 8(f — fu)y) = /Q f— adEay = (2, 8(f)y) — (& ®(fa)y) = (o, (@(F) — B(f))y).

Thus we have
(I)(f - fn) = (I)(f) - (I)(fn)

Then using norm inequality and dominated convergence theorem, we have

i [9(7) = B4 )0l = lim 197 = )l < tim [ 1 = B, =0

Then using the conclusions of bounded case, we have

9w = lim [l = tim [ 1£PAE,, = [ |FP4E,

(5). (i) and (i1) are quite direct, and then it remains to show (iii). In the bounded case, we have
shown that ®(f,,)®(gm) = ®(fngm). Now, for any z € D, N Dy, by the strong limit(see (4)),

we have
(f)®(g)x = Mm@ (f)P(gm)a = M D(fogn) = B fug)r.

Let y = ®(g)x. Then we have

/|fn‘2dEy,y:/|fng’2dEm,:p-
Q Q

By monotone convergence theorem, we see that y € Dy if and only if x € Dy,. So we see that
D(®(f)®(g9)) = DgN Dy € Dyg.
(6). We first show that D(®(f)) € D(®(f)*). Suppose 2 € D(f) andy € Dy = Dy. It
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follows from the strong limit and bounded calculus that

<(I)(f)xay> = hql;n<q)(fn)xvy> = hrILn<li’ (I)(fn)*y> = 1171;1’1<I, (I)(fn)y> = <$, (I)(f)y>

Thus y € D(®(f)*), and

(f) € @(f)".

To get another side, we have to show that every y € D(®(f)*) lies in Dy. For any « € H, since

fn = f1a4,, then the multiplication theorem gives
(@, 2(fn)y) = (2(fn)z,y) = ((f)P(14,),y)
= (®(1a,)z, 2(f)"y) = (z, ®(14,)2(f)"y)

Thus ®(f,)y = ®(14,)®(f)*y forany y € D(®(f)*). Letv = ®(f)*y, then

/ Fal2dEy .y = [[B()sl? = (B(fa)y. ®(fu)y) = / 14, [2dE, , < [lo].
Q Q

Thus y € Dy = Dy.

(7). It suffices to the necessity thanks to the bounded Borel calculus. Assume Dy = H. Since
®(f) is a closed operator, then ®( f) is a bounded operator. Here we need an equality stronger then
norm continuity which need to agree B, with L° whose elements are actually equivalent classes.

That is to say, we need

| fnllzoe = [12(fn)lop,
where f,, is a truncate function. Then we have
fnllzoe = [1@(fn)llop = |2(1a4,) 2 (F)llop < [[P(La,)lopl|B(f)llop < [P(F)]op-

Thus || f||pe < 0. O

Remark. In the previous section, we seem not to treat 13, the same as L*°. So ¢ cannot become an
injection. But if ® is an injection, then we can prove that & : L>° — L(H) is actually isometric

by an argument of measure. If f € L, then there is = with ||z|| = 1 such that

1(f)lop = /Q FPAE, . < Mugo(B),

where B = {|f| < M}. Let M = || f||re, and it implies that || ®(f)||op < || f|| 0.

3.4 Cayley Transform and Decomposition of Spectral Measure

For this part, we just introduce some results and do not give the concrete proofs of them.
We first consider Cayley transform, which establish a connection between self-adjoint opera-

tors and unitary operators.

Definition 3.18 (Cayley transform). For a self-adjoint operator A, let U = (A — iI)(A +iI)~!
be the Cayley transform of A.
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Proposition 3.19. If A is self-adjoint, then U is unitary.

In fact, every unitary operator whose spectrum does not contain 1 can be obtained by the inverse
of Cayley transform.

If we have a self-adjoint operator A, then we can investigate the structure of its spectral measure.
When considering the scalar spectral measures, we can classify them as what we do in Lebesgue-
Radon-Nikodym theorem. And we can pull the conclusion back to the general spectral measure.

Then we obtain the following theorem.

Theorem 3.20. If A is a self-adjoint operator, then
H= pr ) Hc = pr @ Hac @ Hsc'

Furthermore, we can restrict the operator A to these spectrums by p.v.m. to get the decompo-

sition of operator itself.

3.5 Riesz Projector

In this subsection, we introduce Riesz projectors to treat the operator which is not self-adjoint.

We first introduce some basic conceptions.

Definition 3.21 (Vector-valued analytic function). Let X be a Banach space and f is Banach-
valued. If for each z € D, there is g(z) € X such that

E—z {—z

then we say that f is a strongly analytic function on D.

If for each z* € X*, x* f is analytic, then we say it is a weak analytic function on D.

Definition 3.22 (Line integral). Suppose that I' being a rectifiable curve and f is a continuous

vector-valued function on D, then we can define the line integral

/F f©de= [ Fr(t)dmo),

[a,b]
where m(t) is a finite complex line measure.
Theorem 3.23. Weak analyticity implies strong analyticity.

Proof. We first show that weak analyticity implies continuity. Let

€, = f(z+§gz_f(z),

where &, — 0. By weak continuity, we see lim z*(x,,) exist for each * € X*. Then by principle
n
of uniform boundness, we see ||z, || < M.

Using Riemann sum and the analyticity, we have

o [ e = [ s —o.
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Let z € Int (I"), and then we see

cpy L SE o L[ )
xf(z)—%_i/rxg_zdf—x <%A§_Zd§>.

Then ) £6)
= — de.
/) 2m Jr & — = §
As the standard argument in complex analysis, we know f is strongly analytic. O

Then we can begin to consider Riesz projectors.
Lemma 3.24. A is injective and closed if and only if A~! is closed.
Proof. For the sufficiency, let y,, € D(A™!) = Ran(A) and Az, = y,,. Then

Yn — Y Az, —y
=

Tp — X Ty —> T

Since A is closed, then we have z € D(A) and y € Ran(A4) = D(A™1).

For the necessity, we can prove at the same way. O
Lemma 3.25. If A is not closed, then o(A) = C.

Proof. Suppose A € p(A). Then we have R)(A) = (A — AI)~! is bounded. Since (4 — A\I)~*
is defined on H, then it must be closed. By the previous lemma, we know that A — A1 is a closed

operator. Then A is closed. contradiction! O

Definition 3.26 (Separable spectral subset). o1(A) C o(A) is called a separable spectral subset if
there is a contour I such that o1 (A) is contained in I and 01 (A) and o (A) \ 01(A) are both closed
in C. We call such a contour as an admissable contour.

Definition 3.27 (Riesz projectors). Let R(\, A) = 1. We say P is a Riesz projector if

1
P =

= — A, A)dA.
27Ti FR( ’ )

Theorem 3.28. If A is a densely defined closed operator and has separable spectrum, then P
defined above is a projection operator and Ran(P) C D(A™) for eachn > 1.

Proof. We first show that P is a projection operator. Choose two admissable contours ~ and ~/

with v C +/. Then we have
/ (€= XN)"1dE =2m1 VA€ nty
,y/

and

/(g — A7 ldA=0 Veed.
;
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Also, we know the resolvent identity

1 1 £— )\
A=A E—A (A=A)E-A)

Then we compute as follows

()

=P-0=P.

Now we aim to show Ran(P) C D(A). Using Riemann sum for an admissable contour I', we

can define

1 n
Ty = % ; R(fz, A)(Zi-i-l — zi):c.

Here x,, € D(A) since R(\, A) is a bounded operator for A\ € I". And we see that z,, — Px.

Since

R(&,A) = A& — A7 = —T+&R(&, A),
we have

1 & 1
Axy, = 9 ;&R(&,A)(Ziﬂ —2)T = %/FfR(’S’A)xdf'

That is to say, we have

T, — Px
Axy — 5 [ ER(E, A)dE.

Since A is closed, then we can see

1
APz = — /F ER(E, A)zde.

Likewise, we have

1
Anpy = L / €M R(E, A)ade.
27['1 T
Our proof finishes. O

Now we consider the isolated spectral point and investigate its properties.

Theorem 3.29 (Riesz projector for isolated points). Let Ay be an isolated spectral point of A and
27” fF/\ R(\, A)d\. Then we have the properties as follows:

(1) Py, is a projection.

(2). ker(A — A\g) C Ran(Py,).

(3). If X is a Hilbert space and A is self-adjoint, then ker(A — \g) = Ran(P,,) and Py, is

orthogonal projection(Py, = E({\o})).
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Remark. The property (3) reveales that Riesz projectors are a generalization of the previous spectral
projections.

Proof. (1). It is direct.
(2). Suppose that 2 € ker(A — \p). Then we have

(A= XNz = (N — N)z.

So we can compute as follows

1
Pyx=— A, A)zdA
)\O"r 27T1 1_\)\0 R( 9y )md
1 A—A
= — R(A\A) xdA
21 Tz, A — )\0
1 1
= — d\ = z.
omi Joy, A=
So we have ker(A — X\g) C Ran(Py,).
(3). It suffices to show (A — A\g) Ry, = 0. First we have
1 1
(A—Xo)=— / R\ A)dN = — (A= Xo)R(\, A)dA.
271 FAO 271 F/\O

Since A is self-adjoint now, we can use calculus which leads to

1

1R(A, A)llop < TS0 o (A))

Then on the deleted ball B(\g, €) \ {A\o}, we have

A — Aol
A=X)RA\, A)|op < ——— < L.
H( 0) ( ) )Hp_dlst()\,O'(A)) =
Using generalized complex analysis theory(here we omit the corresponding argument), we can see
Ao is a removable singularity. And then (A — A\g) R(A, A) can be seen as a holomorphic function
so that (A — X\g)Py, = 0. O

Since there are some examples showing that an isolated spectral point may not lie in point
spectrum, such as Volterra integral operator. We can show the isolated spectral points of a self-

adjoint operator always lies in point spectrum.

Theorem 3.30. If A is a self-adjoint operator and A is an isolated spectral point, then it lies in

point spectrum.

Proof. If \p is not an eigenvalue, then ker(\g — A) = 0. Because of the last theorem, we see
Py, = 0. Since we know ||(§ — Ao)R(&, A)||op < 1for & € B(Ao,e) \ {No}, then (z, R(&, A)y)
can only have singularity of one order. However, from P, = 0, we see

1

— A)YdE = Py, = 0.
271 . R(gv )df Ao 0
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So we have (z, R(&§, A)y) < oo on B(Ag,e) \ {\o}. By the principle of uniform boundness, we
see R(&, A) has removable singularity, and it implies that || R(&, A)||op = M < oco. By resolvent

identity, we see
HR(AbA) - R(/\27A)Hap < Mz‘)\l - )\2‘

Then we can construct a convergent sequence {\,, } such that
R(XNp,A) =N — 1iTrln R(Ap, A).
It remains to show \g € p(A) to get contradiction. Consider that
R\, A)x — R(No, A)x
(Ao —A)RNA)z=x+ (A — AR\ Az —=z
and
R(Xo, A)(No — A)x = li/r\n RNA) (N —A)zx=z+ 1i)r\n()\0 — AR\, A)x = .

Here we need to use that A — )\ is a closed operator since A is self-adjoint. O

3.6 Discrete Spectrum And Essential Spectrum

There are several different definitions of essential spectrums, and since here we aim to introduce

Weyl criterion, we choose the definition which is compatible with it.

Proposition 3.31. If A is self-adjoint, then A € o(A) ifand only if E((A—¢e, A+¢)) # 0 for each
e>0.

Proof. In the spectral theorem we have already seen that suppE = o(A). O
Now we would like to use sequence to describe the spectrum of the self-adjoint operator A.

Theorem 3.32. Let A be a self-adjoint operator, then A\ € o(A) if and only if there is a sequence
{¢n} € D(A) suchthat ||, || = 1 and (A— )4, > 0. This sequence is called spectral sequence.

Proof. The sufficiency is easy to verify since it gives that A — A does not have a non-zero lower
bound.

For the necessity, there are two ways to prove it.

(Method I). we can construct the sequence directly. If A € 0,,(A), we can take its eigenvectors.
If not, since A is self-adjoint, then A € o.(A). So (A — X)~! is densely defined and (A — \)~!

is unbounded. Then we can take a sequence {y, } such that ||y,|| = 1 and ||(4 — ) "1y, || — oc.
Let
o (A_)‘)ilyn
A =Ny

This completes the proof.
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(Method 1I). Take ||¢,]| = 1 with v, € Ran(E(X — e, A + &,)). Using spectral integral
theory, we have

H(A—A)wnHz:/

(A

| |z = APdEy, 4,

=/ 12 = ALz j<en 9B,
a(A)

< eplltnll =€* = 0.

This also completes the proof. O

We introduce the definitions of discrete spectrum and essential spectrum in the language of

spectral projections.

Definition 3.33 (Discrete spectrum and essential spectrum).
od(A) ={A€o(A):Tep >0, dmRanE(\ — g, A +&9) < 00}

Oess(A) ={A € 0(A) : Tep > 0, dimRanE(\ — gp, A + €9) = o0}.

Proposition 3.34. If A is self-adjoint and ) is an isolated spectral point, then Ran(E({\})) =
ker(A — Xg).

Proof. By the unbounded functional calculus, we can see

(A= X)E({No}) = /(A)(z — Xo)1xdE(2) = 0.

Then it means that Ran(E({\o})) C ker(A — \o).

Conversely, let
1
Jn= Ao — leC(AOv%)'

Then f,, is bounded. Using bounded calculus, we can see
FaA) (o = 4) = BB, ).
For each = € ker(A — \g), we have
0= FalA) o — A)r = B(B* (o, ~))a — B(C\ (Ao}

It implies that E({\o})z = z.
In particular, we can see any isolated spectral point is a eigenvalue since suppE = o(4). O

Proposition 3.35. Let A be self-adjoint, then A € o4(A) if and only if A is an isolated spectral

point and its space of eigenvectors is of finite dimensions.

Proof. For the sufficiency, thereise > 0s.t. E(B(\,€)) = E({\}). SincedimRanE({\}) < oo,
we have A € g4(A4).
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Conversely, we can assume A is not isolated and there is a sequence A, — A. We can choose
B(A, e, are disjoint to each other. Since different eigensubspaces are orthogonal to each other,

dimRanFE (Z B(An,en)> = 00.

i=1

we have

However, there must be a neighborhood of A being of finite dimensions with respect to the spectral

projection, and then it shows contradiction. O
Now we turn to the description of essential spectrum.

Proposition 3.36. Let A be self-adjoint. Then oess(A) is closed. A € oess(A) if and only if at least
one of the followings holds.

(1). A € oo(A).

(2). A is a limit point of ;,(A).

(3). A € 0,(A) and dimker(A — \) = oo.

Proof. oess(A) is closed because of the same dimensional argument in the last proposition. And

the equivalence is clear. O

The following theorem is one of the most important conclusions in the whole section which

gives a clear description of essential spectrum.

Theorem 3.37 (Weyl criterion). Let A be self-adjoint. A € oess(A) if and only if there is a sequence
of {¢,} € D(A) that ||1n|| = 1,4, — 0and (A — M), = 0. Here the sequence {1/, } is called

Weyl sequence.

Proof. We first introduce the conception of Weyl spectrum w(A) whose elements have correspond-
ing Weyl sequences. Then it suffices to show w(A) = gess(A).
(1). We show w(A) C oess(A) first. Assume thereis a A € w(A) but A\ ¢ oess(A). Since we
have
(A= N >0,

wecansee A € o(A). If A € 04(A), then E({\}) is a finite dimensional projection operator. Then

it’s a compact operator. By the total continuity, we have

E({A})¢n = 0.

Then let w,, = ¥, — E({\})¢n. we see ||wy,|| — 1. Using the fact ker(A — A) = Ran(E({\})),
we can consider that T) = (A — A)[xer(a—x)L-

Acknowledgement. If A is self-adjoint, then (1). ker(A)* is an invariant subspace; (2). A1 =
Alyer at s self-adjoint, ker A1 = {0} and 0(A41) C o(A).

Using the acknowledgement, we see 7 is self-adjoint. And since A is an isolated spectral

point, we have spectral gap estimate which implies that

T3] < oc.
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Then we have
wy, = T (Thw) > 0.

But w,, = 1. It leads to contradiction.

(2). We can construct the sequence directly. Since \ € oegs(A), we have dimRan(\ — e, A +
g) = oo. Then we choose €, ™\, 0 and ¢, € RanE(\ — e, A+ &5,) with ||¢),, || = 1. It’s clear that
1, 1s orthonormal. Then we can see ¥, — 0. It ramains to show the strong convergence. Using

spectral integral, we have

(A = \all? = / 2 — APdEy, 4,
< / 12 = AP atem) 9By, 0
é /sidEwnv"pn S 6’?7,

Then we finish the proof. O

4 Perturbation Theory of Self-Adjoint Operators

We cannot always wish that we are dealing with some self-adjoint operators, but we still want
to know the behaviors of their spectrums. Then it comes to the perturbation theory. In this section,
we introduce some conceptions to describe their difference from self-adjoint operators and finally
give a nice conclusion to show that we can regard them as self-adjoint operators in some cases.

This section is mainly based on [2].

Definition 4.1 (Relative bounded operators). A densely defined operator B is called A-bounded
if the followings hold:

(1). D(A) € D(B).

(2). There is zp € p(A) such that BR(A, z¢) is bounded.

Remark. Using resolvent identity, we can see that the existence can be improved to be arbitrariness.

For (2), we have an equivalent statement (2°): there are a, b > 0 such that
||Bz|| < al|Az|[ 4 b][z]].

(2) implies (2°) is quite direct by considering ||BR(A, z0)(A — z0)z|| < C||(A — z0)x]|.
Another side can be proved by contradiction that BR(A, zy) cannot be unbounded with the upper
bound of A . We call the infimum of « as the relative bound of B with respect to A.

Example 4.2. Let V € L?(R3). Then V is —A-bounded.
Proof. Using embedding theorem, we have
WV 2 S VIl fllzee SNVl g2 S TV I 2 + 1] = Afll2)-

It implies that V' is —A-bounded. O
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We have a description for the relative bound with limit.
Lemma 4.3. Let A be a self-adjoint operator, B be A-bounded. Then the relative bound
=1 BR(A,iN)||op-
a= lim |[[BR(A,i})[op
Proof. Since A is self-adjoint, for A € R, we have i\ € p(A). Then we can compute as follows:

1Bzl < [IBR(A,iM|[[[(A = iA)z|
< [[BR(A, N[ (|[Az]| + [|Az]]).

It implies that a < ||BR(A,i)\)]|.

On the other hand, we can use spectral theorem, and then we have
[|BR(A,iN)z|| < (a+¢)||[AR(A,iN)x|| + be||R(A, iN)z||
< (a+)llall + el
Then letting A — oo, we have
li/\rg(ingBR(A, iN)||<a+e—a.

So that we see the relative bound a = Alim [|BR(A,iN)]|. O
—00
Example 4.4. The relative bound of V' with respect to —A is 0.

Proof. 1t suffices to show for e > 0, we have

[ fllzee < ell = Afllpz + Cell fl] 22

We have two methods to deal with this question. One is to use scaling. we can consider f(z) =
f(Az), then we have

Wl L = || fallee < COAY|| = AFl|z2 + CoAP| £I12,

where o, 5 > 0. Then let A — oo.
Another method is to use compactness for the case whose domain is bounded. If the inequality

does not hold. Then we have a sequence f,, which satisfies that

1 fnllzee > ell = Afnll2 + nl|full L2

We can assume || f|[c = 1, and then we have || fu||z2 — 0 and || — Af||z2 < L. This means
f» is uniformly bounded in H?. Then there is a subsequence g,, converging to 1 in L>. Since
the domain is bounded, then we also have L? strong convergence. But ||g,|| — 0, and it leads to

contradiction. ]

Then we can prove a fundamental theorem in the perturbation theory.
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Theorem 4.5 (Kato-Rellich). Let A be self-adjoint and B be closed symmetric and A-bounded
with relative bound a < 1. Then we have A + B is self-adjoint on D(A).

Proof. Suppose || > 1. Then we have || BR(A,i)\)|| < a + ¢ < 1. Consider that
A+ B —ix = (BR(A,i\) + I)(A—i))

has bounded inverse. Then Ran(A + B —i\) = H. Using the criterion, it suffices to show A + B
is closed symmetric. Since D(A) C D(B), then we see A + B is symmetric. To show closeness,

let (A + B)z, — y and x,, — x. Since the relative bound is lower than 1, we have
||Bz|| < (a+ ¢)|[Az|[ + b||z]|.
Then we have

A(@m — @)l <[I(A+ B)(@n — 2|l + || B(xn — 2m)]]
< (A + B)(zn — zm)|| + (@ +&)||A(zn — m) || + bl |20 — T

absorbed to the left

Then it means that Ax,, — y; = Az and Bx, — vy — y1. O

A further conception is relative compact.
Definition 4.6 (Relative compact). Let A be closed. We say B is A-compact if
(1). D(A) € D(B).
(2). There is zg € p(A) such that BR(A, zp) is compact.

Remark. The existence can be improved to arbitrariness for the same reason.

Lemma 4.7 (Lifting convergence). Let K be a compact operator, B,, be a bounded sequence with
B, > B. Then
lim||[KB,, — KB||lop =0 lim||B,K — BK||o,p = 0.
n n

Proof. We only prove the convergence of B, K. If K is of finite rank, then we have Fz =
SN _ (x,e;)Fe;. We have

=

(B = B)Fllop = sup (B, = BYFell < 3 oo (B = B)Fei] =0

ll||=1 =

For the general case, we know the fact that compact operators in Hilbert space are the limit of finite

rank operators with respect to the operator norm. O

Lemma 4.8 (Relative bound of relative compact operator). Let A be self-adjoint, B be A-compact.

Then the relative bound of B with respect to A is 0. Equivalently, we have Alim || BR(A,iN)||op =
— 00

0.

Proof. We first observe that

(4 = DR(A, N = [R(AN(A - i)al| < 1A= Dl 0.

Al
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Then we see
BR(A,i\) = BR(A,i) (A —i)R(A,i\)
—_——————
compact  strongly converge to 0

converges to 0 in the operator norm. O
Now we give the most important conclusion in the whole section.

Theorem 4.9 (Weyl compact perturbation). Let A be self-adjoint and B be symmetric and A-
compact. Then oess(A + B) = 0ess(A).

Proof. We first show that oegs(A) C 0ess(A + B). If A € 0ess(A), by Weyl criterion, we have a
sequence x,, such that ||z, || = 1, 2, — 0, (A — \)x,, = 0. Then we can see Az, = (A — Nz, +
Az, — 0. Thus we have

Bz, = BR(A, z) (A — z)zp, > 0.

compact weak to 0

Hence x,, is also the Weyl sequence of A + B which implies that A € oess(A + B).
Now we show that gess(A + B) C 0ess(A). We claim that B is A + B-compact. Since

B+ A—i) = (BR(A,i\) + 1)(A —i)),

we have
BR(A + B,i\) = BR(A,i\) (BR(A,i\) +1)~*

compact A1

be compact. So does —B. Then using Kato-Rellich theorem, we see A + B is self-adjoint, and
then we can repeat the process above. O

Example 4.10. V € L? is —A-compact.

Proof. 1t suffices to show that V R(A, 1) is compact where we denote —A as A. Our idea is to get

a concrete form of R(A, 1) f first. Using Fourier transform, we have

1

R(A)f = F'F(R(Ai)f)=F! <€|2 i

f) =Gx7 = [ 6= iy

Where G = ]—"*1(|£‘%_i). Then we have

VR(A,i)f = / V(@)Glx — ) f(y)dy.

Let K(x,y) = V(x)G(x — y), and then it remains to show K (z,y) € L3, because Hilbert-
Schmidt theory. In fact, we see

/w/yv(x)zG(x—y)Qdydx:/V(:r)2 /G(fﬁ—y)zdy 4z < o0,

T Y

uniformly bounded to x

Then we finish our proof. O
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A big reason for introducing such perturbation theory is to deal with a class of potential oper-

ators.

Definition 4.11 (Kato potential). A multiplication operator V' is called as Kato potential if V' &
L? 4+ eL> for each € > 0.

Proposition 4.12. Kato potentials are —A-compact.

Proof. Since V' € L? + €L, it tells that V have a nice decay near the infinity point, so we can

regard it as a localization. Then we can see the following relation

—A+1)71 V' compact embedding
2 AT g e L2

The graph says it all. O

5 Semigroup Theory

This theory may originate from ODE theory and Duhamel principle that we can describe the

tA

solution of the equation u; = Aw in the form v = e"*ug, where A can be not only a number or a

matrix, but also a general operator. This section is mainly based on [2].

5.1 Semigroups

Definition 5.1 (Cj semigroup). Let X be a Banach space and S = {S(t) : ¢ > 0} be a family of
bounded operator. S is called a Cjy semigroup(also known as strongly continuous one-parameter
semigroup) if
(1). S(0)=1.
(2). S'is a semigroup.
(3). S(t) is strongly continuous that ||S(¢)z — z|| — 0 ast \, 0 for each z € X.
Remark. Using (2) we can prove that S(¢) has strong continuity everywhere.
We naturally want to know something about its generator.

Definition 5.2 (Infinitesimal generator). The infinitesimal generator A of of a strongly continuous

semigroup S is defined by
Azr = lim M
t\0 t

And D(A) = {z € X : the limit above exists}.
Then we can describe the infinitesimal generator.
Lemma 5.3. Let S be a Cy semigroup on X. Thereis M > 1andw € Rsuchthat||S(¢)|| < Me**

Proof. Since S(t)z is continuous with respect to ¢, we have sup,c(g 11 [|S(t)z|| < Cy. By uniform

boundness principle, we have sup 41 [|S(t)|| < oo. Then we have
1S@1 = ISESEEDI < 1SS = [IS({e})[|elT e IS,
Then let M = sup,¢(o 1 |[S(?)[| and w = log [[S(1)]]. O
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Proposition 5.4. Let S(t) be a Cy semigroup and A be the generator of S(t) defined above. We
have the following properties:

(1). t — S(t)x is continuous on ¢t > 0 for every x € X.

(2). For each x € D(A), the mapping ¢t — S(t)z is continuously differentiable and

d
&S(t)a: = S(t)Ax = AS(t)x.

(3). For each z € X, we have

/Ot S(s)xdz € D(A), A/Ot S(s)zds = S(t)x —z = /Ot S(s) Azds.

(4). A is a densely defined closed operator.

Proof. (1). For the left continuity, we see
1Sz — S(t = h)al| < |IS(t = h)(S(h)a — 2)|| < Me*M||S(h)z — || — 0.

The right side can be proven similarly.

(2). We can prove it similar as what we do in (1). And note that we can see if z € D(A), then
S(t)x € D(A) and S(t)Az = AS(t)z from the proof.

(3). We compute directly first

. S(h)—1 [t
I%{%h/o S(s)xds

% S(h) /Ot S(s)xds — /Ot S(s)xds]
:% _ /h " S (s)uds - /0 t S(s)xds]
% :/:Jrh S(z)xds — /Oh S(s)xds}

=S(t)r — x.

From the computation, we see A fg S(s)xds = S(t)r — .

(4). Forany z € D(A), we have 1 f(f S(s)xds — x since (3) and strong continuity. It
implies that A is densely defined. To show A is closed, we define two approximation operators
Ax = SE=T, and M; = %fg S(s)zds. Then

€

AEMtZC = AtMel‘.

Suppose x,, — = and Az, — y. We have A.x,, = AcMx, = AM.x, = M.Ax, — y and then
Acx = M.y. Lete — 0. So that z € D(A) and Az = y. O

Now we give a specific kind of semigroups.

Definition 5.5 (Contraction semigroup). A Cy semigroup is called a contraction semigroup if
|S(t)]| <1 foreveryt > 0.
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Lemma 5.6. Suppose A is the generator of the contraction semigroup S(t), then {\ € C : R\ >
0} C p(A) and

RO\, A) = /0 T e M8t dt

where the integral is convergent in the sense of operator norm.

In particular, we see

& 1
A)|| < ERIAL —
1RO A < [ e e = o

Proof. Let R(\, A) = Jo7 e S (t)dt. It suffices to show that
(1).R(\, A)x € D(A), (A — AR\, A) = Ix.
2). R\, A)(A = A) = Ipa).

(1). Compute in definition

xdt

AR\, A)z = /00o a5+ h})L — S(t)

|

[e's) h
= / e MS(t)xdt — 1 / e MS(t)xdt
h h h 0

h—0

R B .
A /0 e MS(t)dt — S(0)

= AR\, A)z — 2.

Thus we see R(\, A)x € D(A) and (A — A)z = z forevery z € X.
(2). We can still compute directly

RO\ A) Az = / M (1) Awdt
0

< ad
= T =5(t)xdt
/0 iy (t)x
= [eMS(t)z]F + A / e MS(t)zdt
0
= 2+ AR\, A)z,
where the x can be any elements in D(A). O

Theorem 5.7 (Hille-Yosida). Let A be a densely defined closed operator. Then A is a generator
of some contraction semigroups if and only if (0, 00) C p(A) and ||R(A, A)|| < %

Proof. Last lemma tells the necessity, so here we only show the sufficiency. Our idea is to use

approximation sequence to construct the semigroup. Let A* = A2R(\, A) — \. Then we can see
At — Az = AR\, A)Az — Az = A\ — A) LAz — 0

for z € D(A). Then since A is closed, we get the strong convergence.
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tA

Since A* is bounded, the semigroup e~ * can be defined by power series. Since

A g AR .
[l <e™ D =l = A7

n=0

S e—)xteAt =1

9

they are contraction semigroups. For all y, A, ¢ > 0, and all x € D(A), we have

t
otAN o otAr iesA)‘e(t—s)A” ds.
0 dS

So,
tA tA* td AN (t—s)AH
[le" x —e x||:/es e=94 1ds
0 dS

t
< / e[| AN — A4 ds
0
< t]|Arx — APz
Using strong convergence, we can define S(¢)z = limy_, !4z for every © € D(A). Since
D(A) is dense and ||e'5AA || < 1, we can extend its domain to the X. And since e* % A, we can

easily verify S(t) is a Cjy semigroup.
It remains to show the generator of S(t), called A, is A. Forallt > 0 and z € D(A), we have

¢
A A
R — :/ 4" Azds.
0

Because of the strong convergence, we have
¢
S(t)r —x = / e’ Axds.
0

Then we can see A,z — Az, which implies that D(A) C D(A) and A\D(A) = A. Since (\—A)~!
and (A — A)~! both exist, then

(A= A)D(A) = X = (A— A)D(A).

It implies that D(A) = D(A). O

Theorem 5.8 (Hille-Yosida). We say P(M,w) holds if ||S(t)|| < Me*!. Then we have
(1)- P(1,0) & R{A > 0} € p(A), ||R(, A)]| < g5
(2). P(1,w) & R{A > w} C p(A), [[R(\, A)|| < 50

(3). P(M,w) & R{A > w} C p(A), [[RO\, A)"]] < (gt

Proof. We omit the proof; see [4]. O

We shall note that we do not always have semigroup solutions for a certain PDE since the

semigroup solutions have nice regularity and we cannot expect such good properties. What’s more,
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such solutions have dependence on the initial data, and we do not know the well-posedness of most

equations.

5.2 Accretive Operators And Dissipative Operators

Now we introduce a conception generalizing the definition of self-adjoint operators from the
perspective of quadratic forms.

Definition 5.9 (Accretive operators and dissipative operators). A unbounded operator A is call
accretive if R(Ax, z) > 0 for every x € D(A). Likewise, B is called dissipative if R(Bz,z) <0
for every x € D(B).

Since the definitions of accretive operators and dissipative operators are totally corresponded,

for simplicity, we only consider accretive operators below.

Proposition 5.10. Let A be densely defined and accretive, then A is closable and its closure is also

accretive.

Proof. Suppose z,, € D(A) and z,, — 0, Az, — [. It suffices to show [ = 0. If not, let I # 0.
The we have
lim R(A(y + cxn),y + cxn) = R{Ay,y) + (L, y).

n—oo

But since ¢ and y can be arbitrary, the formula above can be negative when [ # 0, and then it leads
to contradiction. O

Definition 5.11 (Maximal accretive). Let A be accretive. A is called maximal accretive if A do

not have a proper accretive extension.

Theorem 5.12. The followings are equivalent:

(1). A is maximal accretive.

(2). There is Ay > 0, such that A* + ) is injective.
(3). There is A1 > 0, such that m = H.

There is a equivalent statement for the theorem above.

Theorem 5.13. A is closed and accretive, and then the followings are equivalent:
(1). A is maximal accretive.

(2). There is A\g > 0, such that A* 4+ ) is injective.

(3). There is A; > 0, such that Ran(A + \;) = H.

Proof. (2)<(3). ker(A* + \) = Ran(A + \)*. And we have the coercity estimate
R(Az,7) > Mz, )

for every A > 0. Since A is closed, we can see (2) and (3) are equivalent.
(1)=(3). Since A + X has closed range, if Ran(A + \) # H, there is 0 # y € Ran(A + \)*
such that
(A+ Az, y) =0,
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which implies that y ¢ D(A). Then we can define A on D(A) @ {y} and A is actually an accretive
operator.

(3)=(1). If A C A, then for each y € D(A), let z = (A + \)y. Since Ran(A4 + \) = H,
there is z € D(A) such that (A 4+ \)z = (A + \)y which implies that (A 4+ \)(y — z) =. And the
coercity estimate gives that y = z. O

The nost important conclusion for accretive operators is the following theorem.

Theorem 5.14. Let A be densely defined and closed. A is the generator of a contraction semigroup

if and only if A is maximal dissipative.

Proof. For the necessity, using Hille-Yosida theorem, it remains to show A is dissipative. Since
(x,(S(t) — Ix) <0.

Then it implies that (x, Ax) < 0 so that A is dissipative.

For the sufficiency, we can see the coercity estimate
Allzll < [[(A = A)z|]

holding for every A > 0 which implies (A — A) is injective. A\g € p(A). Then we can use iteration
by resolvent identity to show A — A is surjective. Then we can use Hille-Yosida theorem. O
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