
�ÿ'u�ê$��µ45

�¦È:

f , g : E −→ R�ÿ =⇒ (f , g) : E −→ R2�ÿ

y: PF = (f , g),K

F−1([a1, b1) × [a2, b2)) = f−1([a1, b1)) ∩ g−1([a2, b2))�ÿ.
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�ÿ'u�ê$��µ45Y

\{!ê¦: f , g : E −→ R�ÿ =⇒ f + g, λf f · g�ÿ.

y: -

F : E −→ R2, F = (f , g)

h : R2 −→ R, h(x, y) = x + y

=====⇒ h ◦ F(x) = f(x) + g(x)�ÿ.
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�ÿ'u4�$��µ45

4�$�:

fk ∈ L (E,R) =⇒ sup
k∈N

fk , inf
k∈N

fk , lim
k→∞

fk , lim
k→∞

fk ∈ L (E,R).

y: -g = sup
k∈N

fk ,K

g−1(a,+∞] =
∞⋃

k=1

f−1
k (a,+∞] =⇒ g�ÿ.

f , g ∈ L (E,R) =⇒ max{f , g}, min{f , g}, f+, f−, |f | ∈ L (E,R).
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"ÿ8��^

"ÿ838ÜØ¥å���z��^:

Lebesgue�ÿ8=Borel8±"ÿ8.

"ÿ83¼êØ¥ØK��ÿ5!�È5!È©�.

f ∈ L (E,R)
fa.e.
= g

⇐=====⇒ g ∈ L (E,R).

È©Ø¥Ã{«O"ÿ8:

ü�¼ê3?¿8ÜþÈ©�Ó⇐⇒§�A�??��.

È©Ø¥�9���´A�??��.

,5�a.e.¤á⇐⇒Ø���"ÿ8¤á.
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A�??Âñ

L (E,R)'ua.e.Âñµ4.

y²: �fk ∈ L (E,R), fk
a.e.
−→ f .

=⇒ m(Z) = 0, Ù¥E \ Z = {x ∈ E : lim fk (x) = f(x)}

=⇒ fk ∈ L (E \ Z ,R) fk ∈ L (Z ,R)

=⇒ f ∈ L (E \ Z ,R), f ∈ L (Z ,R)

=⇒ f ∈ L (E,R).
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�ÿ5´ÛÜ5�(��ëY5�í2)

�ÿ´ÛÜ5�

f ∈ L (E,R)
E=

∞⋃
k=1

Ek , Ek�ÿ

⇐==========⇒ f |Ek ∈ L (Ek ,R), ∀ k ∈ N.

y²: f−1(a,∞] =
⋃

k∈N
( f |Ek )

−1(a,∞].
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Ø�ÿ¼ê

ýé�ÿ⇏�ÿ

~X: χW − χWc , WØ�ÿ.

�ÿ'uØ�ê�þ(.Ø2µ4.

~X: χW = sup
x∈W
χ
{x}, WØ�ÿ.

(�Ï:�ÿ=é��¿��µ4)

�ÿ'uEÜ$�Øµ4.

g−1 = f =
1
2
(Cantor+ð�), Ø�ÿW ⊂ f(C), g(W) = Z"ÿ8

K χZ ◦ gØ�ÿµ (χZ ◦ g)−1({1}) = g−1 ◦ χ−1
Z
({1}) = W
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�!Ì�SN

�ÿ¼ê(�

n«Âñ5

(A�??Âñ, A���Âñ, ±ÿÝÂñ)

?2R(¥I��)



SN�:�ÿ¼ê(�

£�PÒ: E ⊂ Rn�ÿ.

L (E) �ÿ R�

L +(E) �K�ÿ R

S(E) {ü�ÿ R

S+(E) �K{ü�ÿ R
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{ü�ÿ¼ê(�

Nyéy¶©�: �LebesgueÈ©��
)�¼ê.

{ü�ÿ¼ê(�:

S(E) = {f : E −→ R�ÿ | Range f´k�8 }

= ⟨χA ,+, ·⟩
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{ü�ÿ¼êIOL«

f ∈ S(E)IOL«:

f(x) =
m∑

k=1

akχEk
(x).

Ù¥

Rangef = {a1, · · · , am},

E =
m⊔

k=1

Ek , Ek = f−1(ak ).

IOL«¥,3z:?,¦Ú��õ�k���"

�IOL«~f: χ
[0,1] = χ[0,1/2] + χ(1/2,1].
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�ÿ¼êÚ{ü¼ê�éX

XÛò�ÿ¼êL��{ü¼ê��4�:
χA + (+, ·, lim)?

�Y: {ü¼ê�A:´��k�.�dI�XeÃã:

éy¶�?�©), °[z+%C

Strategy: ¿©=%C=z��"=4�g�=ÓRiemann
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�K�ÿ¼ê(�

{ü�ÿ¼ê(�: f ∈ L +(E)

[0,+∞]
y¶1kg�?�¿©
==================
��¿©�Ý2−k

22k⊔
j=1

[
j − 1
2k
,

j
2k

)
⊔

[2k ,+∞].

E = f−1[0,+∞] ==========
½Â�¿©

22k⊔
j=1

f−1[
j − 1
2k
,

j
2k

)
⊔

f−1[2k ,+∞].
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�K�ÿ¼ê(�Y

3y¶�z��?�«m

j − 1
2k
⩽ y <

j
2k

(j = 1, 2, . . . , 22k )

10g�?�¿©: «m�Ý=1

11g�?�¿©: «m�Ý=c�g���= 1
2

12g�?�¿©: «m�Ý=c�g���= 1
22 etc.

3y¶��?��{«m

2k ⩽ y ⩽ ∞.

¼ê~�z,�����.

k��k�«m)ä§�«m�ÝÂ 
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�K�ÿ¼ê(�Y

{ü¼ê�

fk (x) =


j − 1
2k
, if

j − 1
2k
⩽ f(x) <

j
2k

(j = 1, 2, . . . , 22k )

2k , if f(x) ⩾ 2k .

��Âñ��
:

3{x ∈ E : 0 ⩽ f(x) < 2k }þ:

0 ⩽ f(x) − fk (x) <
1
2k
.
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�K�ÿ¼ê(�Y

Theorem 1 (��ÛÜ~�z�)�{ü¼ê�)

fk =
22k∑
j=1

j−1
2k χf−1[ j−1

2k ,
j

2k )
+ 2kχ

f−1[2k ,+∞]
↗ f

S+(E) L +(E)
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äN~f

f(x) = x, x ∈ R+

f0(x) =

 0, if x ∈ [0, 1)

1, if x ⩾ 1.

f1(x) =



0, if x ∈ [0, 1
2)

1
2 , if x ∈ [1

2 , 1)

1, if x ∈ [1, 3
2)

3
2 , if x ∈ [3

2 , 2)

2, if x ⩾ 2.

1kg�?�¿©: «m�Ý=c�g���= 1
2k

�����[2k ,+∞]

?2R(¥I��)



¼ê��K¼ê'X

¼ê�ïÄ8(u�K¼ê,�K¼êïÄ´ïÄ¼ê�xù.

f =
1
2
(|f |+ f) −

1
2
(|f | − f) = f+ − f−, f± ⩾ 0

f = f+ − f− (z:?,¦Ú��õ�k���")

|f | = f+ + f−

f+ = f��Ü = max{f , 0} =�u"�Ü©"z,Ù§ØC

f− = f�KÜ = max{−f , 0} =�u"�Ü©"z,Ù§'u¢¶�ü
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�ÿ¼ê(�

�ÿ¼ê(�½n:

f ∈ L +(E) ⇐===⇒ ∃ fk ∈ S+(E), fk ↑ f

f ∈ L (E) ⇐===⇒ ∃ φk ∈ S(E), φk −→ f , |φk | ↑ |f |.
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�ÿ¼ê(�Y

y²: �f ∈ L (E),Kf± ∈ L (E),

∃ uk , vk ∈ S+(E) =⇒ uk ↑ f+, vk ↑ f−

=⇒ φk := uk − vk ∈ S(E), φk → f

∀x ∈ E =⇒ �ouk = 0�ovk = 0

=⇒ |φk | = uk + vk ↑ f+ + f− = |f |
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�ÿ¼ê(�

�ÿ¼ê��f©): (aquÐ�¼ê�TaylorÐm)

L (E) = ⟨χA ,+, ·, lim⟩A�ÿ

�ÿ¼êïÄ�oÜ­

χA

S+,L +

====⇒
+,·,lim

L (E).
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�ÿ¼êïÄ�ü��g

�ÿ¼ê: m8���´�ÿ8

�ÿ¼ê: �f�{ χA +�ê$�+4�$�.

�{� Ä� ïá�ÿÚëY�'X

�{� äN ¯K{z��f
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ÿÝØÚÈ©nØ'X

�à
Þ �à\°�

ÿÝØ È©nØ

8ÜØ ¼êØ

A�¼ê �ÿ¼ê(±A�¼ê�È7)

σ�ê �ÿ¼ê'u$�µ4

ÿÝ���\5 ��gS�d½n
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��Âñ5

{ü¼ê��%C“�Kk.”�ÿ¼ê. (PÒL ∞=k.)

f ∈ L +(E)∩L ∞(E) =⇒ ∃ fk ∈ S+(E), fk ↑ f , fk ⇒ f .

“;| ”{ü¼ê;��%C“�Kk.”�ÿ¼ê

gk := fkχB(0,k)

f ∈ L +(E)∩L ∞(E) ==⇒ ∃ gk ∈ S+
c (E), gk ↑ f , gk

;��
⇒ f .

f ∈ L (E)∩L ∞(E) ==⇒ ∃ hk ∈ Sc(E), |hk | ↑ |f |, hk
;��
⇒ f .
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SN�

n«Âñ5

a.e. almost everywhere A�??Âñ

a.un. almost uniformly convergence A���Âñ

m measure ±ÿÝÂñ

PÒ:
[|fn − f | ⩾ ϵ] def

====== {x ∈ E : |fn(x) − f(x)| ⩾ ϵ}

?2R(¥I��)



n«Âñ5

�E ∈ L (Rn), fn, f ∈ L (E,R).

fn
a.e.
−−−→ f ⇐===⇒ m[fn ↛ f ] = 0;

fn
a.un
−−−→ f ⇐===⇒ ∀ ϵ > 0, ∃�ÿEϵ ⊂ E :

m(Eϵ) < ϵ, fn
onE\Eϵ
⇒ f ;

fn
m
−−→ f ⇐===⇒ ∀ ϵ > 0, lim

k→∞
m[|fk − f | ⩾ ϵ] = 0.

(ÿÝ�x�8Ü)
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n«Âñ5��*¹Â

A�??Âñ´Ø���"ÿ8�:�Âñ.

A���Âñ`²����?¿�ÿÝ8���Âñ.

±ÿÝÂñØ´:�Âñ,§`²fk �lf�:8´�ÿÝ
8,�ØØT8Ü� �.
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^ØÂñ:8���,�ÑÂñOK

^ϵL«�l§Ý

a, b�l ⇐===⇒ |a − b | ⩾ ϵ
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n«Âñ��ÿÝÂñ.��x

Ã¡õ��lf�´"ÿ8.

fk
a.e.
−−−→ f ⇐===⇒ ∀ ϵ > 0, m( lim

k→∞
[|fk − f | ⩾ ϵ]) = 0.

(#Nk��~	�)���lf�:8´�ÿÝ8.

fk
a.un
−−−→ f ⇐===⇒ ∀ ϵ > 0, lim

k→∞
m(

∞

∪
j=k

[|fj − f | ⩾ ϵ]) = 0.

�ÿÝ¿Â�lf´�ÿÝ8.

fk
m
−−→ f ⇐===⇒ ∀ ϵ > 0, lim

k→∞
m[|fk − f | ⩾ ϵ] = 0.
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PÁ�{

a.e. Ã¡õ��l "ÿ8

a.un. Øk���Ü���l �8Ü

m �ÿÝ�l �8Ü
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Y

y²: (1)ØÂñ:⇐⇒Ã¡õ��lf .

ØÂñ:8=
⋃
ϵ>0

lim
k→∞

[|fk − f | ⩾ ϵ].

(2a) fk
a.un
−−−→ f =====⇒ ∀ θ > 0, ∃ Eθ : m(Eθ) < θ,¦�

∀ ϵ > 0, ∃ j ∈ N, �k ⩾ j,

sup
x∈E\Eθ

|fk (x) − f(x)| < ϵ

=====⇒
∞

∪
k=j

[|fk − f | ⩾ ϵ] ⊂ Eθ ���l´�8Ü

=====⇒ lim
j→∞

m(
∞

∪
k=j

[|fk − f | ⩾ ϵ]) ⩽ θ
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Y2

(2b) : ∀�½k ∈ N, lim
n→∞

m(
∞⋃

j=n

[|fj − f | ⩾
1
2k

]) = 0

=⇒ ∀ θ > 0, ∃ n = n(k) ∈ N : m(
∞⋃

j=n(k)

[|fi − f | ⩾
1
2k

]) ⩽
θ

2k

=====⇒-Ec
θ :=

∞⋃
k=1

∞⋃
j=n(k)

[|fi − f | ⩾
1
2k

], m(Ec
θ ) < θ

=====⇒3Eθ =
∞⋂

k=1

∞⋂
j=n(k)

[|fi − f | <
1
2k

]þ, fi ⇒ f .

?2R(¥I��)



n«Âñ�'X

fk
a.un
−−−→ f =====⇒ fk

a.e.
−−−→ f , fk

m
−−→ f .

fk
a.e.
−−−→ f

m(E)<+∞
⇐=====⇒ fk

a.un
−−−→ f .

fk
m
−−→ f ⇐===⇒ ∀f�,∃f�fnk

a.un
−−−→ f .
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Littlewoodn�n��

Theorem 2 (Egorov½n)

fk
a.e.
−−−→ f

m(E)<+∞
⇐=====⇒ fk

a.un
−−−→ f .

Littlewoodn�n��µ

[a, b]«mþ¼ê�Âñ=====⇒�Øõ��Âñ.
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Riesz½n

Theorem 3 (Riesz½n)

fk
m
−−→ f =====⇒ ∃f�fnk

a.e.
−−−→ f .

5P1: �ÿÝÂñ,4�7��.

(A�??��À�ð�,ÿÝÃ{©E"ÿ8)

5P2: 3k�ÿÝ8þ,3kf�a.e.Âñ¿Âe,n«Âñ�d.
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(Y) ,y²: fk
m
−−→ f ====⇒ ∀f�,∃f�fnk

a.un
−−−→ f ..

fk
m
−−→ f =======⇒ ∀ k ∈ N, lim

j→∞
m[|fj − f | ⩾

ϵ

2k
] = 0

=======⇒ éu?¿f�,∃f� : m[|fnk − f | ⩾
ϵ

2k
] ⩽

1
2k
.

Borel−Cantelli
==========⇒
BCÿÝk�

lim
s→∞

m
( ∞⋃

k=s

[|fnk − f | ⩾
ϵ

2k
]
)
= 0

∀ ϵ>0,∃ s0
=======⇒ Ec

ϵ :=
∞⋃

k=s0

[|fnk − f | ⩾
ϵ

2k
], m(Ec

ϵ ) < ϵ

=======⇒ fnk ⇒ f in Eϵ =
∞⋂

k=s0

[|fnk − f | <
1
2k

]

=======⇒ fnk

a. un.
−−−−−→ f
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Y,y²: fk
m
−−→ f ⇐==== ∀f�,∃f�fnk

a.un
−−−→ f ..

y²:

fk
m
↛ f ==⇒ ∃ ϵ0 > 0, lim

k→∞
m[|fk − f | ⩾ ϵ0] = δ0 > 0

==⇒ ∃f�{fkn } : m[|fkn − f | ⩾ ϵ0] >
δ0
2

==⇒ {fkn }Ø�¹a.unÂñf�.
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A�??ÂñÚ�ÿÝÂñ´ÕáVg

A�??Âñ,��ÿÝÂñ.

E = (0,+∞)

χ
(n,n+1)

a.e.
−→ 0

χ
(n,n+1)

m
↛ 0
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A�??ÂñÚ�ÿÝÂñ´ÕáVgY

�ÿÝÂñ,�A�??Âñ.

E = [0, 1]

fkr = χ[ r−1
k ,

r
k )
, r = 1, . . . k , k ∈ N

{gk } := {f11, f21, f22, . . .}

gk
m
→ 0

gk
a.e.
↛ 0
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A�??Âñv .s.�ÿÝÂñ

a.e. A�??Âñ :� "ÿ8

m ±ÿÝÂñ �:� �ÿÝ8
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Borel-CantelliÚn

∞∑
n=1

m(An) < +∞ =====⇒ m( lim
k→∞

Ak ) = 0

⇐===⇒ lim
k→∞

m(
∞⋃

j=k

Aj) = 0

⇐===⇒ χAn

a.un
−−−→ 0

⇐===⇒ χAn

a.e.
−−−→ 0

=====⇒ χAn

m
−−→ 0

5P: lim
n→∞

m(An) = 0⇐===⇒ χAn

m
−−→ 0
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