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£�: n«Âñ5

�E ∈ L (Rn), fn, f ∈ L (E,R).

fn
a.e.
−−−→ f ⇐===⇒ m[fn ↛ f ] = 0;

fn
a.un
−−−→ f ⇐===⇒ ∀ ϵ > 0, ∃�ÿEϵ ⊂ E :

m(Eϵ) < ϵ, fn
onE\Eϵ
⇒ f ;

fn
m
−−→ f ⇐===⇒ ∀ ϵ > 0, lim

k→∞
m[|fk − f | ⩾ ϵ] = 0.
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n«Âñ��ÿÝÂñ.��x

Ã¡õ��lf�´"ÿ8.

fk
a.e.
−−−→ f ⇐===⇒ ∀ ϵ > 0, m( lim

k→∞
[|fk − f | ⩾ ϵ]) = 0.

Øk��	���lf�´�ÿÝ8.

fk
a.un
−−−→ f ⇐===⇒ ∀ ϵ > 0, lim

k→∞
m(

∞

∪
j=k

[|fj − f | ⩾ ϵ]) = 0.

�ÿÝ¿Â�lf´�ÿÝ8.

fk
m
−−→ f ⇐===⇒ ∀ ϵ > 0, lim

k→∞
m[|fk − f | ⩾ ϵ] = 0.
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y²: (1)ØÂñ:⇐⇒Ã¡õ��lf .

Âñ:8=
⋂
ϵ>0

lim
k→∞

[|fk − f | < ϵ]. ØÂñ:8=
⋃
ϵ>0

lim
k→∞

[|fk − f | ⩾ ϵ].

(2a) fk
a.un
−−−→ f =====⇒ ∀ θ > 0, ∃ Eθ : m(Eθ) < θ,¦�

∀ ϵ > 0, ∃ j ∈ N, �k ⩾ j,

sup
x∈E\Eθ

|fk (x) − f(x)| < ϵ

=====⇒ sup
x∈Eθ
|fk (x) − f(x)| ⩾ ϵ

=====⇒
∞

∪
k=j

[|fk − f | ⩾ ϵ] ⊂ Eθ ���l´�8Ü

=====⇒ lim
j→∞

m(
∞

∪
k=j

[|fk − f | ⩾ ϵ]) ⩽ θ
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(2b) : ∀�½k ∈ N, lim
n→∞

m(
∞⋃

j=n

[|fj − f | ⩾
1
2k

]) = 0

=⇒ ∀ θ > 0, ∃ n = n(k) ∈ N : m(
∞⋃

j=n(k)

[|fi − f | ⩾
1
2k

]) <
θ

2k

=====⇒-Ec
θ :=

∞⋃
k=1

∞⋃
j=n(k)

[|fi − f | ⩾
1
2k

], m(Ec
θ ) < θ

=====⇒3Eθ =
∞⋂

k=1

∞⋂
j=n(k)

[|fi − f | <
1
2k

]þ, fi ⇒ f .
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Borel-CantelliÚn

∞∑
n=1

m(An) < +∞ =====⇒ m( lim
k→∞

Ak ) = 0

⇐===⇒ lim
k→∞

m(
∞⋃

j=k

Aj) = 0

⇐===⇒ χAn

a.un
−−−→ 0

⇐===⇒ χAn

a.e.
−−−→ 0

=====⇒ χAn

m
−−→ 0

5P: lim
n→∞

m(An) = 0⇐===⇒ χAn

m
−−→ 0
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Riesz½n

Theorem 1 (Riesz½n)

fk
m
−−→ f =====⇒ ∃f�fnk

a.e.
−−−→ f .

5P1: �ÿÝÂñ,4�7��.

(A�??��À�ð�,ÿÝÃ{©E"ÿ8)

5P2: 3k�ÿÝ8þ,3kf�a.e.Âñ¿Âe,n«Âñ�d.
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(Y) ,y²: fk
m
−−→ f ====⇒ ∀f�,∃f�fnk

a.un
−−−→ f ..

fk
m
−−→ f =======⇒ ∀ k ∈ N, lim

j→∞
m[|fj − f | ⩾

1
2k

] = 0

=======⇒ éu?¿f�,∃f� : m[|fnk − f | ⩾
1
2k

] ⩽
1
2k
.

Borel−Cantelli
==========⇒
BCÿÝk�

lim
s→∞

m
( ∞⋃

k=s

[|fnk − f | ⩾
1
2k

]
)
= 0

∀ ϵ>0,∃ s0
=======⇒ Ec

ϵ :=
∞⋃

k=s0

[|fnk − f | ⩾
1
2k

], m(Ec
ϵ ) < ϵ

=======⇒ fnk ⇒ f in Eϵ =
∞⋂

k=s0

[|fnk − f | <
1
2k

]

=======⇒ fnk

a. un.
−−−−−→ f
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Y,y²: fk
m
−−→ f ⇐==== ∀f�,∃f�fnk

a.un
−−−→ f ..

y²:

fk
m
↛ f ==⇒ ∃ ϵ0 > 0, lim

k→∞
m[|fk − f | ⩾ ϵ0] = δ0 > 0

==⇒ ∃f�{fkn } : m[|fkn − f | ⩾ ϵ0] >
δ0
2

==⇒ {fkn }Ø�¹a.unÂñf�.
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�ÿÝCauchy

E ⊂ Rn�ÿ. fk ∈ L (E,R), ∀ k ∈ N.

{fk }∞k=1�ÿÝCauchy ⇐===⇒ {fk }∞k=1�ÿÝÂñ.

{fk }∞k=1�ÿÝCauchy,=

∀ ϵ > 0, lim
i,k→∞

m[|fi − fk | ⩾ ϵ] = 0.
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�ÿÝCauchyY

y²: {fk }∞k=1�ÿÝCauchy,=

∀ ϵ > 0, lim
i,k→∞

m[|fi − fk | ⩾ ϵ] = 0.

8BÀ�f�gj = fnj :

m[|gj − gj+1| ⩾
1
2j
] ⩽

1
2j
, ∀ j ∈ N.

j = 1�,�À�g1, g2,Ù¥g1�½, g2 kÃ¡ÿÀ.

j = 2�,�À�g2, g3,Ù¥g2�½, g3 kÃ¡ÿÀ,

Xd�Ee�.
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Ej := [|gj − gj+1| ⩾
1
2j
], Fk :=

∞

∪
j=k

Ej

Borel−Cantelli
========⇒

m(Ej)⩽
1
2j

m( lim
k→∞

Fk ) = lim
k→∞

m(Fk ) = 0.
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∀x ∈ Fc
k =

∞⋂
j=k

Ec
j =

∞⋂
j=k

[|gj − gj+1| <
1
2j
]

∀ i>j>k
========⇒ |gj(x) − gi(x)| ⩽

i−1∑
s=j

|gs+1(x) − gs(x)| ⩽
1

2j−1

========⇒ 3Fc
kþ, {gj}Å:Cauchy, A���Âñ

l
�ÿÝÂñ,�{fj}�ÿÝÂñ
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Littlewoodn�n��

Lusin½n:

f : E −→ R�ÿ ⇐===⇒ ∀ϵ > 0, ∃48F ⊂ E :

m(E \ F) < ϵ, f |FëY.
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5P

�m(E) < ∞�,��48F�;8K .

�m(E) = ∞�,Ø��48F�;8K .

~X E = Rn, m(K) < ∞.

ϵ��ØU��0. ~Xí2�Cantor8Ü�A�¼ê

(Ø¥�ëY¼ê��ØU?U�õ�ª.

~Xχ[0,1/2]��ü��,��[0, 1]��ÿ8Ü,Ø�U���
�~�õ�ª�Ó.
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Lusin½n�¿©5

¿©5y²: �ÿ5´ÛÜ5�:

E =
∞⋃

n=1

Fn ⊔ Z , f |FnëY

m(E \ Fn) <
1
n
, 4Fn ⊂ E, m(Z) = 0
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Lusin½n�7�5

7�5y²: ©o«�¹.

(1) f = χA :

dÿÝ��K5,��48F1 ⊂ A , F2 ⊂ Ac÷v:

m(A \ F1) < ϵ/2, m(Ac \ F2) < ϵ/2,

χA |F1
⊔

F2
ëY (|^ëY�½Ây²).
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(2) f{ü:

f =
m∑

j=1

cjχEj , Ej = f−1(cj), cjpØ�Ó.

�48Fj ⊂ Ej , m(Ej \ Fj) <
ϵ
2j , f |Fj ëY.

48F =
⊔
j

Fj , m(E \ F) < ϵ, f |F ëY.
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(3) fk.:

∃φk ∈ S(E), φk ⇒ f .

=====⇒ ∃48Fk ⊂ E : φk |Fk
ëY, m(Fc

k ) <
ϵ

2k

=====⇒ F :=
∞⋂

k=1

Fk , m(Fc) < ϵ, φk |F ⇒ f |FëY.
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(4) fÃ.:

g(x) =
f(x)

1 + |f(x)|
=⇒ (1 − |g(x)|)(1 + |f(x)|) = 1

f(x) =
g(x)

1 − |g(x)|

∃48F , g|FëY =⇒ f |FëY.
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5P

�ÿ¼ê�=z�k.¼êïÄ:

T : L (E,R) −→ L ∞(E) V�

Tf(x) =
f(x)

1 + |f(x)|
T−1g(x) =

g(x)
1 − |g(x)|

(1 − |Tf(x)(x)|)(1 + |f(x)|) = 1, (1 + |T−1g(x)(x)|)(1 − |g(x)|) = 1

L ∞(E)�A:: A�¼ê)¤L ∞(E).
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UrysohnÚn

UrysohnÚn:

K ⊂ G ⊂ Rn, K;, Gm

=====⇒ ∃ f ∈ Cc(R
n) : χK ⩽ f ⩽ χG .
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UrysohnÚnY

y²: Ø��Gk. (ÄK�ÄG ∩ B(0, k)). �

f(x) =
dist(x,Gc)

dist(x,Gc) + dist(x,K)
.

5P: ��f ∈ C∞c (Rn) (|^òÈ).
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PÒ

eIc eIb

;|8(�9½Â�,«¿Âek.) ��k.
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Tietze*Ü½n

Tietze*Ü½n:

K
(;)
⊂ Rn =⇒ Cc(K)

(�å)
⊂ Cc(R

n).

K
(4)
⊂ Rn =⇒ Cb(K)

(�å)
⊂ Cb(R

n)

C(K) ⊂ C(Rn)
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Lusin½n: �ÿ´ëY�fz

Theorem 2 (Lusin½n)

�f : E −→ R�ÿ,K

∀ ϵ > 0, ∃ g ∈ C(Rn), ∃48F ⊂ E :

m(E \ F) < ϵ, f |F = g|F .

f½Â�k. g ∈ Cc(R
n)

f��k. g ∈ Cb(R
n) �L∞�êØO\

5Pµϵ��ØU��0. í2�Cantor8Ü�A�¼ê+0�½n
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�ÿ¼ê´ëY¼ê3A�??Âñ¿Âe�4�

Theorem 3 (�ÿ¼ê(�½n)

f ∈ L (E,R)
f :E−→R
⇐===⇒ ∃ gk ∈ C(Rn) : gk

a.e.
−−−−−−−−→

on E
f .

f½Â�k. gk ∈ Cc(R
n)

f��k. gk ∈ Cb(R
n)

5P1: �f��k.�, gk���k.,�L∞�êØO\.

5P2µ �f½Â�k.�, gk�| k..
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y²:

f�ÿ
Lusin
===⇒ ∃ gk ∈ C(Rn)

m[|f − gk | > 0] <
1
k
.

=⇒ gk
m
−−→ f

Riesz
===⇒ ∃ gkj

a.e.
−−−→ f
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5P

L (E) = C(Rn) |E
a.e. lim

3;8[a, b]þ,3a.e.Âñe,õ�ª3L ([a, b],R)È�.

�ÿ¼ê´ëY¼ê�4�£a.e.Âñ¿Âe¤.
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