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Lusin½n �ÿ¼ê ëY¼ê

Egorov½n Âñ¼ê� ��Âñ¼ê�

�ÿ8=mÝN+ lim+Caratheodory = Gδ \ Z = Fσ ∪ Z
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~K

f : R −→ R�\+ÛÜk.=⇒�5.

f : R −→ R�\+�ÿ=⇒�5.
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~K

ef : R −→ R3���ÿ8þk.(~XÛÜk.),äk�\
5,K§äk�55.

y²: ·��yf(x) = f(1)x.

f3�ÿ8Ek.
Steinhaus½n
===========⇒

[−δ,δ]⊂E−E
f3�:NC[−δ, δ]k..

d�\5

nf(
m
n
) = f(m) = mf(1) =⇒ f(

m
n
) =

m
n

f(1).

|f(x) − f(1)x | ∀�½x,n
============
� r∈Q: |x−r |<δ/n

∣∣∣∣∣1n f(n(x − r)) + (r − x)f(1)
∣∣∣∣∣

⩽
M
n

+
δ

n
|f(1)| → 0
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~K

y²: f�ÿ
Lusin

=======⇒
f |[−1,1]�ÿ

∃;K ⊂ [−1, 1] : m(K) > 0, f |KëY

Tietze
=======⇒ f |KëY�ëY*Ü�Cc(R),��ëY.

Steinhaus
=======⇒ ∃[−δ0, δ0] ⊂ K − K :

|f(z)|
z=x−y
=====

x,y∈K
|f(x) − f(y)| ⩽ M.

ÛÜk.
=======⇒ fëY.
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Vg: 5a.e. ëY6,5�ëY¼êa.e.���¼ê6

• a.e. ëYµ ØëY�:´"ÿ8.

•�ëY¼êa.e.��: Ø���:´"ÿ8"

(1) g a.e.
==== f ∈ C(R)⇏ g3Rþa.e.ëY

(~X: g = χQ, f = 0)

(2) g3Rþa.e.ëY ⇏ g a.e.
==== f ∈ C(R)

�y{µ χ
[0,+∞) = g a.e.

==== f ∈ C(R)

range f ⊃ {0, 1}
fëY
====⇒ range f ⊃ [0, 1] ==⇒ f−1(0, 1)��m8
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~K

�{φk }
∞
k=0´�Nknõ�ª, φ0 = 0, fk = φk − φk−1. K

∀ f ∈ L ([a, b],R),�3\)Ò��{¦�

f a.e.
==== (f1 + · · · fn1) + (fn1+1 + · · ·+ fn2) + · · · .

y²: �õ�ª�pk −→ f a.e. in [a, b].

�{φk }
∞
k=0f�φnk : |pk − φnk | <

1
k in [a, b], V\φn0 = φ0 = 0.

=⇒ f a.e.
==== lim

k→∞
φnk =

∞∑
k=0

(φnk+1−φnk ) = (f1+· · · fn1)+(fn1+1+· · ·+fn2)+· · · .
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~K

�E ∈ L (Rn), m(E) < ∞ fk , f ∈ L (E,R), fk
a.e.
−−−→ f .

=⇒ ∃�ÿ8Ek ↑,∃"ÿ8Z : E = lim
k→∞

Ek⊔Z , fk ⇒ f in Ek

y²:

fk
a.e.
−−−→ f

Egorov
====⇒ ∃�ÿ8Ak , m(Ac

k ) <
1
k
, fk ⇒ f in Ak

=====⇒ Ek :=
k⋃

j=1

Aj ↑, Z = ( lim
k→∞

Ek )
c =

∞⋂
k=1

Ec
k ⊂

∞⋂
k=1

Ac
k

m(Z) = 0, fk ⇒ f in Ek
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~K

~K

fn : [0, 1] −→ R�ÿ
∃ Cn>0

========⇒
fn(x)
Cn

a.e.
−→ 0.
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~K

y²: lim
k→∞

m[|fn | > k ] = m[fn = ∞] = 0, ∀ n ∈ N

∃k(n)∈N
=====⇒ m[|fn | > k(n)] <

1
2n

Borel−C
=====⇒ m

(
lim

[∣∣∣∣∣∣ fn(x)Cn

∣∣∣∣∣∣ > 1
n

])
= 0 (Cn := nk(n))

=====⇒ ∀ ϵ > 0, m
(
lim

[∣∣∣∣∣∣ fn(x)Cn

∣∣∣∣∣∣ > ϵ
])

= 0

=====⇒
fn(x)
Cn

a.e.
−→ 0.
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Ch3.£�Littlewoodn�n

Ch4. LebesgueÈ©.
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Littlewoodn�n

[a, b]z���ÿ8�Øõ´k��«m�¿.

z���ÿ¼ê�Øõ´ëY¼ê.

z��Å:Âñ��ÿ¼ê��Øõ´��Âñ¼ê�.
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ÿÝ�K5

Theorem 1

∀ E ⊂ Rn,m(E) < ∞.K ∀ ϵ > 0, ∃ k��mÝNI1, . . . , Is :

m(E \
s⋃

k=1

Ik ) < ϵ, m(
s⋃

k=1

Ik \ E) < ϵ.

y²: Ø��E = G´m8,dÿÝ�K5�3;8K ⊂ G

m(G \ K) < ϵ.

G =
⋃
mÝN, K ⊂

⋃
k�

mÝN ⊂ G.
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Lusin½n: �ÿ´ëY�fz

Theorem 2 (Lusin½n)

�f : E −→ R�ÿ,K

∀ ϵ > 0, ∃ g ∈ C(Rn), ∃48F ⊂ E :

m(E \ F) < ϵ, f |F = g|F .

f½Â�k. g ∈ Cc(R
n)

f��k. g ∈ Cb(R
n) �L∞�êØO\
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Egorov½n

Theorem 3 (Egorov½n)

fk
a.e.
−−−→ f

m(E)<+∞
⇐=====⇒ fk

a.un
−−−→ f

⇐=====⇒ ∀ ϵ > 0,∃Eϵ ⊂ E : m(Eϵ) < ϵ, fn
onE\Eϵ
⇒ f ;
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£�: PÒ

E ⊂ Rn�ÿ.

S+ S+(E) �K{ü�ÿ R�

L + L +(E) �K�ÿ R�

L 1 L 1(E) �È R� (��R�)
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È©½Â

IOoÚ: l�µe(�*)*¿��µe(É	å)

χA
S+, L +

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−→
�ê(�!4�(�!S(�

L 1

LebesgueÈ©PÒ:

∫
E

f(x)dx =

∫
E

f(x)dm(x) =
∫

E
f

n��g

R =⇒ Rn =⇒ (X , Γ, dµ)
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È©½ÂoÜ­

(1): ¡È=�×°�í2:

∫
E
χA := m(A)

(2): �55��¦:

∫
E

k∑
j=1

cjχEj
:

f =
k∑

j=1
cjχEj

∈ S+

===============
IOL«

k∑
j=1

cjm(Ej).
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5P

5P1µ �½:

0 · ∞ = 0.

(° = 0 =⇒¡È = 0)

5P2µ LebesgueÈ©¿©��=⇒1�Ú!1�Ú¤á.

5P3µ LebesgueÈ©AÛ¿Â
fe�ã/¡È
===========⇒
p=cj ,°=m(Ej)

1�Úû½.
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Y

(3)üNÂñ½ni\�È©½Â:

∫
E

f :
S+∋φk↑f∈L +

========= lim
k→∞

∫
E
φk
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Y

5P: T½Âg,:

|^�ÿ¼ê�oÜ­,ÏL�55ÚüNÂñ½ÂÈ©

χA
+,·,lim
−−−−−→ L 1

=⇒

∫
E

f =
∫

E
χA + (+, ·, lim)
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Y

5P: I�y²û½5:

∫
E

f �y===== sup
S+∋φ⩽f

∫
E
φ.
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Y

(4) ���/:

∫
E

f : f=f+−f−
======

f�ÿ

∫
E

f+ −
∫

E
f−.

5P: �²:

+∞− (+∞)
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Y

f ∈ L 1(E)
def
⇐==⇒ f± ∈ L +(E)∩L 1(E)⇐⇒ |f | ∈ L 1(E)⇐⇒

∫
E
|f | < +∞.

f3EþÈ©�3(k½Â)
def
⇐==⇒ f±�� ∈ L 1(E)⇐⇒

∫
E

f ∈ R
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5P

Ø´¤k8ÜÑU½ÂÿÝ:

�é�ÿ8.

Ø´¤k¼êÑU½ÂÈ©:

�é�ÿA�¼ê��êÚ4�$����¼ê

Ø´¤k�ÿ¼êÑU½ÂÈ©:

I�;m(+∞) − (+∞)�².

Ø´¤k�½ÂÈ©�¼êÑ�È
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ü«È©��O

RiemannÈ© LebesgueÈ©

�ýéÂñ�È©nØ ýéÂñ�È©nØ

Ø·^up� ·^up�

��gS^��� ��gS^��f

��� ��

Û�5 º�
È©�Ã�,Ú�
lÑÚëY
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È©û½5: Ø�6uφk�À�

S+5�: �!o´b�f , g, fk , gk ∈ S+.

(1)�5: È©��Nì´�5Nì∫
E
(αf + βg) = α

∫
E

f + β

∫
E

g

(��éA�¼ê�y: 8(uÈ©�½ÂÚÿÝØ)
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È©û½5: Ø�6uφk�À�

(2)üN5: È©��Nì�S

f ⩽ g =⇒

∫
E

f ⩽
∫

E
g.

(��éA�¼ê�y: 8(uÿÝ�üN5)
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È©û½5: Ø�6uφk�À�

(3)�È5�O: f ∈ L 1 f∈S+

⇐==⇒ m[f > 0] < +∞.

y²: b�f ∈ S+���"�:

0 < a1 < a2 < · · · < ak .

=====⇒ a1χ[f>0] ⩽ f |[f>0] ⩽ akχ[f>0].
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È©û½5(Y)

(4)üNÂñ: (òÿÝ·KdA = χAí2�S+)

(4a) fn ↓ f , f1 ∈ L 1 S+µeS
=======⇒

∫
E fn ↓

∫
E f .

(4b) fn ↑ f
S+µeS
=======⇒

∫
E fn ↑

∫
E f .

(4c) fn ↑, gn ↑, lim fn ⩽ lim gn
S+µeS
=======⇒ lim

∫
E fn ⩽ lim

∫
E gn.
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È©û½5(Y)

y²: (4a) S+ ∩L 1 ∋ fn ↓ 0.

∀ ϵ > 0, fn ⩽ Mχ[fn⩾ϵ] + ϵχ[0<fn⩽ϵ]

M = max f1, [0 < fn ⩽ ϵ] ⊂ [f1 > 0]

0 ⩽ lim

∫
E

fn ⩽ ϵm[f1 > 0].

?2R(¥I��)



È©û½5(Y2)

y²: (4b) �/1 f ∈ L 1:

f − fn ↓ 0
(4a)
==⇒

∫
E

f − fn ↓ 0.

�/2 f < L 1:

f < L 1 (3)
===⇒
f∈S+

∃a > 0, m[f ⩾ a] = +∞

fn ⩾
a
2
χ[fn⩾ a

2 ]

(2)
==⇒

∫
E

fn ⩾
a
2

m[fn ⩾
a
2
] = +∞.
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È©û½5(Y3)

(4c) fn ↑, gn ↑, lim fn ⩽ lim gn
S+µeS
========⇒ lim

∫
E fn ⩽ lim

∫
E gn.

(5¿d�Ø�¦lim fn ∈ S+, lim gn ∈ S+)

(4c) minz�: ?nV�IE|

∀�½m, min{gn, fm} ↑ fm.

lim
n→∞

∫
E

gn ⩾ lim
n→∞

∫
E
min{gn, fm}

(4b)
====

∫
E

fm.
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È©û½5

5P: È©�û½55gu(4c).
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È©��d½Â

f ∈ L +(E) =====⇒

∫
E

f = sup
S+∋φ⩽f

∫
E
φ
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È©��d½Â

y²:
∫

E
f

S+∋φk↑f∈L +

=========
def

lim
k→∞

∫
E
φk

⩽ sup
S+∋φ⩽f

∫
E
φ

∃S+∋ψk⩽f
======== lim

k→∞

∫
E
ψk

�½S+∋fk↑f
⩽ lim

k→∞

∫
E
max{ψ1, ψ2, · · · , ψk , fk }︸                        ︷︷                        ︸

∈ [fk , f ]

↑

def
===

∫
E

f

?2R(¥I��)
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d. There exist a Lebesgue measurable function F and a continuous function G 
on 1R such that F o G is not Lebesgue measurable. 

10. Prove Proposition 2 . 1 1 . 

11 .  Suppose that f is a function on 1R x JRk such that f( x, · ) is Borel measurable 
for each x E 1R and f ( · , y) is continuous for each y E 1R k . For n E N, define f n as 
follows. For i E Z let ai == i/n, and for ai < x < ai+l let 

Then fn is Borel measurable on IR x JRk and fn � f pointwise; hence f is Borel 
measurable on 1R x IRk . Conclude by induction that every function on IRn that is 
continuous in each variable separately is Borel measurable. 

2.2 I NTEG RATION OF NONNEGATIVE FUNCTIONS 

In this section we fix a measure space (X, M, J.-t) , and we define 

L + == the space of all measurable functions from X to [0 , oo] . 
If ¢ is a simple function in L + with standard representation ¢ == 2:� aj XE1 , we 
define the integral of ¢ with respect to J.-l by 

n J ¢ dp, = L ajp,(EJ ) 
1 

(with the convention, as always, that 0 · oo == 0). We note that f ¢ dJ.-t may equal oo. 
When there is no danger of confusion, we shall also write f ¢ for f ¢ dJ.-t. Also, it is 
sometimes convenient to display the argument of ¢ explicitly, especially when ¢( x) is 
given by a formula in terms of x or when there are other variables involved; in this case 
we shall use the notation f ¢(x) dJ.-t(x) . (Some authors prefer to write f ¢(x) J.-t(dx) 
instead.) Finally, if A E M, then ¢XA is also simple (viz. , ¢XA == 2: aiXAnE1 ), and 
we define fA ¢ dJ.-t (or fA ¢ or fA ¢(x) dJ.-t(x)) to be f ¢XA dJ.-t. The same notational 
conventions will also apply to the inegrals of more general functions to be defined 
below. To summarize : 

2.13 Proposition. Let ¢ and 'ljJ be simple functions in L +. 
a. If c > 0, f c¢ == c f ¢. 
b. f ( ¢ + 'ljJ) == J ¢ + f 'ljJ. c. If¢ < 7/J, then f ¢ < J V;. 
d. The map A �----* fA dJ.-t is a measure on M. 

f = L · 
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Proof. (a) is trivial . For (b), let E� ajXEj and E� bkXFk be the standard 
representations of ¢ and 'lj;. Then Ej = u; 1 (Ej n Fk) and Fk = U� (Ej n Fk) 
since U� Ej = U� Fk = X, and these unions are disjoint. Hence the finite additivity 
of 1-l implies that 

and the same reasoning show that the sum on the right equals f ( ¢ + 'ljJ) . Moreover, 
if ¢ < 'l/J, then aj < bk whenever Ej n Fk =I= 0, so 

J ¢ = L aJJ-L(EJ n Fk) < L bkJ-L(EJ n Fk) = J 1/;,  
j ,k j ,k 

which proves (c). Finally, if { Ak } is a disjoint sequence in J\1 and A == U� Ak, 

which establi shes (d). 

We now extend the integral to all functions f E L + by defining 

j f dJ-L = sup {/ ¢ dJ-L :  0 < ¢ < f, ¢ simple} . 

I 

By Proposition 2 . 1 3c, the two definitions of f f agree when f is simple, as 
the family of simple functions over which the supremum is taken includes f itself. 
Moreover, it is obvious from the definition that 

j f < j g whenever f < g , and j cf = c j f for all c E [0 , oo) . 
The next step is to establish one of the fundamental convergence theorems . 

2.14 The Monotone Convergence Theorem. If {fn } is a sequence in L + such that 
fj < fj+ l for all j, and f == limn-H)o fn (== supn fn), then f f == limn-H)o f fn· 

Proof. {f fn } is an increasing sequence of numbers, so its limit exists (possibly 
equal to oo). Moreover, f fn < f f for all n, so lim f fn < f f. To establish the 
reverse inequality, fix a E ( 0 ,  1 ) ,  let ¢ be a simple function with 0 < ¢ < f, and let 
En == {x : fn (x) > a¢(x) } . Then {En} is an increasing sequence of measurable 
sets whose union is X, and we have f fn > fEn fn > a fEn ¢. By Proposition 
2 . 13d and Theorem 1 .8c , lim fEn ¢ ==  J ¢, and hence lim J fn > a J ¢. Since this 
is true for all a < 1 ,  i t remains true for a == 1, and taking the supremum over all 
simple ¢ < f, we obtain lim J fn > J f. 1 
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The monotone convergence theorem is an essential tool in many situations, but 
its immediate significance for us is as follows. The definition of J f involves the 
supremum over a huge (usually uncountable) family of simple functions, so it may 
be difficult to evaluate J f directly from the definition. The monotone convergence 
theorem, however, assures us that to compute J f it is enough to compute lim J ¢n 
where { ¢n } is any sequence of simple functions that increase to f, and Theorem 
2 . 1 0  guarantees that such sequences exist. As a first application, we establish the 
additivity of the integral . 

2. 15 Theorem. If {fn}  is a .finite or infinite sequence in L + and f == Ln fn, then J f == Ln J fn· 

Proof. First consider two functions f1 and /2 . By Theorem 2. 10 we can find 
sequences { ¢j } and { 'l/Jj } of nonnegative simple functions that increase to /1 and /2 · 
Then { ¢) + 'l/;j } increases to /1 + /2 , so by the monotone convergence theorem and 
Theorem 2. 1 3b, 

Hence, by induction, J L� fn == L� J fn for any finite N. Letting N --+ oo 
and applying the monotone convergence theorem again, we obtain J L� fn 
L� f h·  I 
2.16 Proposition. Iff E L +, then J f == 0 iff f == 0 a. e. 

Proof. This is obvious if f is simple: if f == L� aj XEj with aj > 0, then 
J f == 0 iff for each j either aj == 0 or J.-t( Ej ) == 0. In general, if f == 0 a.e. and ¢ 
is simple with 0 < ¢ < f, then ¢ == 0 a.e . ,  hence J f == supq,<J J ¢ == 0. On the 
other hand, {x : f(x) > 0} == U� En where En == {x : f(x) > n- 1 } ,  so if it is 
false that f == 0 a.e. , we must have J.-t(En) > 0 for some n. But then f > n- 1 XEn ' 
so J f > n- 1!-l(En )  > 0 .  I 
2. 17 Corollary. If {fn }  C £+, f E £+, and fn (x) increases to f(x) for a. e. x, 
then J f == lim J fn· 

Proof. If fn (x) increases to f(x) for x E E where J.-t(Ec) == 0, then f-IXE == 0 
a.e. and fn - fnXE == 0 a.e. , so by the monotone convergence theorem, J f == 
f fXE == lim f fnXE == lim f fn · I 

The hypothesis that the sequence {fn }  be increasing, at least a.e. , is essential 
for the monotone convergence theorem. For example, if X is 1R and J.-l is Lebesgue 
measure, we have X(n ,n+1) --+ 0 and nx(o , 1 jn) --+ 0 pointwise, but J X(n ,n+1 ) == 
J nx(o , 1 ;n) == 1 for all n. As one sees by sketching the graphs, the trouble in these 
examples is that the area under the graph "escapes to infinity" as n --+ oo, so the 
area in the limit is less than one would expect. This is typical of the cases when the 
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integral of the limit is not the limit of the integrals, but in this situation there is still 
an inequality that remains valid. We deduce it from the following general result. 

2.18 Fatou's Lemma. If {fn } is any sequence in £+, then 

I (lim inf fn ) < lim inf I fn · 
Proof. For each k > 1 we have infn>k  f n < fj for j > k, hence J infn>k  f n < J fj for j > k, hence J infn>k fn < infj>k J fj · Now let k � oo and apply the 

monotone convergence theorem: 

l(lim inf fn ) = lim I ( inf fn) < lim inf l fn · k-HX> n>k 
I 

2.19 Corollary. If {fn } C L +, f E L +, and fn � f a. e. , then J f < lim inf J fn · 
Proof. If fn � f everywhere, the result is immediate from Fatou's lemma, 

and this can be achieved by modifying f n and f on a null set without affecting the 
integrals, by Proposition 2 . 1 6. 1 
2.20 Proposition. Iff E L + and J f < oo, then { x : f ( x) = oo} is a null set and 
{ x : f ( x ) > 0} is a -finite. 

The proof is left to the reader (Exercise 12) .  

Exercises 

12. Prove Proposition 2.20. (See Proposition 0.20, where a special case is proved. )  

13. Suppose {f n } c L + , f n � f pointwise, and f f = lim f f n < oo. Then JE f = lim JE fn for all E E M. However, this need not be true if J f = lim J fn = 
00. 

14. If f E L + , let ..\ (E) = JE f dJ.-t for E E M. Then ,\ is a measure on M, and for 
any g E L + ,  J g d..\ = J f g dJ.-t. (First suppose that g is simple.) 

15. If {fn } C L +, fn decreases pointwise to f, and J f1 < oo, then J f = lim J fn · 
16. If f E L + and J f < oo, for every E > 0 there exists E E M such that 
J.-t(E) < oo and fE f > (f f) - E .  

17. Assume Fatou's lemma and deduce the monotone convergence theorem from it. 

2.3 I NTEG RATION OF COM PLEX FU NCTIONS 

We continue to work on a fixed measure space (X, M, J.-t) . The integral defined in the 
previous section can be extended to real-valued measurable functions f in an obvious 
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