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d. There exist a Lebesgue measurable function F' and a continuous function G
on R such that F' o G is not Lebesgue measurable.

10. Prove Proposition 2.11.

11. Suppose that f is a function on R x R¥ such that f(z,-) is Borel measurable
for each z € R and f(-,y) is continuous for each y € R*. For n € N, define f,, as
follows. For¢ € Z let a; = i/n, and for a; < z < a;44 let

f _ flait1,y)(= — ai) — flas, y)( — ait1)
n(2,Y) = . _ .
ai4+1 — Q4
Then f,, is Borel measurable on R x R* and f,, — f pointwise; hence f is Borel

measurable on R x R*. Conclude by induction that every function on R™ that is
continuous in each variable separately is Borel measurable.

2.2 INTEGRATION OF NONNEGATIVE FUNCTIONS

In this section we fix a measure space (X, M, p), and we define
L* = the space of all measurable functions from X to [0, oo].

If ¢ is a simple function in Lt with standard representation ¢ = Z? ajXE;, W€
define the integral of ¢ with respect to u by

/(bd# = Xn:aju(Ej)

(with the convention, as always, that 0 - co = 0). We note that | ¢ du may equal co.
When there is no danger of confusion, we shall also write [ ¢ for [ ¢ du. Also, it is
sometimes convenient to display the argument of ¢ explicitly, especially when ¢(z) is
given by a formula in terms of x or when there are other variables involved; in this case
we shall use the notation [ ¢(z) dp(z). (Some authors prefer to write [ ¢(z) pu(dz)
instead.) Finally, if A € M, then ¢ 4 is also simple (viz., x4 = ) a; X AnE; ), and
we define [, ¢dp (or [, ¢ or [, ¢(z)du(x)) to be [ ¢x 4 dp. The same notational
conventions will also apply to the inegrals of more general functions to be defined
below. To summarize:

/A(bd#=/A¢=L¢($)du($)=/¢XAdu, /=/X

2.13 Proposition. Ler ¢ and 1) be simple functions in L.
a Ifc>0, [ep=c[¢
b. [(¢+¥)=[d+ [¥.

c. Ifp <, then [P < [
d. The map A— [ 4 dp is a measure on M.
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Proof. (a) is trivial. For (b), let > 7 ajxg, and )" bxxF, be the standard
representations of ¢ and . Then E; = J;,(E; N Fy) and Fy, = J7(E; N Fy)
since 7 E; = U7 Fxr = X, and these unions are disjoint. Hence the finite additivity
of u implies that

/¢+/¢=j,zk(aj+bk)#(Eijk),

and the same reasoning show that the sum on the right equals [(¢ + ). Moreover,
if < 9, then a; < by whenever E; N Fy, # G, so

/qb:Zaju(EjﬂFk) Szbkﬂ(Eijk)sz’

which proves (c). Finally, if { Ax} is a disjoint sequence in M and A = |J]" Ak,

/qb aJuAﬂE) Y a;u(Ax N Ej) Z

7,k

which establishes (d). B

We now extend the integral to all functions f € L by defining

/fdu=SUP{/¢du:0§¢§f, ¢simple}-

By Proposition 2.13c, the two definitions of [ f agree when f is simple, as
the family of simple functions over which the supremum is taken includes f itself.
Moreover, it 1s obvious from the definition that

/fg/gwheneverfgg, and /cf:c/fforallce[O,oo).

The next step is to establish one of the fundamental convergence theorems.

2.14 The Monotone Convergence Theorem. If{ f,} is asequencein L such that
[i < fj+1forall j, and f = lim,,_, o fr (= sup,, frn), then ff = lim,,— f fn

Proof. {[ f»} is an increasing sequence of numbers, so its limit exists (possibly
equal to co). Moreover, | f, < [ fforall n, solim [ f,, < [ f. To establish the
reverse inequality, fix a € (0, 1), let ¢ be a simple function with 0 < ¢ < f, and let
E, = {z: fau(z) > a¢(x)}. Then {E£,} is an increasing sequence of measurable
sets whose union is X, and we have [ f, > [ g fn > @ I g, ¢- By Proposition
2.13d and Theorem 1.8¢, lim [, ¢ = [ ¢, and hence lim | f,, > « [ ¢. Since this

is true for all @ < 1, it remains true for a = 1, and taking the supremum over all
simple ¢ < f, we obtainlim [ f, > [ f. 5



INTEGRATION OF NONNEGATIVE FUNCTIONS 51

The monotone convergence theorem is an essential tool in many situations, but
its immediate significance for us is as follows. The definition of [ f involves the
supremum over a huge (usually uncountable) family of simple functions, so it may
be difficult to evaluate [ f directly from the definition. The monotone convergence
theorem, however, assures us that to compute [ f it is enough to compute lim [ ¢,,
where {¢,} is any sequence of simple functions that increase to f, and Theorem
2.10 guarantees that such sequences exist. As a first application, we establish the
additivity of the integral.

2.15 Theorem. If{f.} is a finite or infinite sequence in L™ and f = ) f,, then

ffZanfn

Proof. First consider two functions f; and f,. By Theorem 2.10 we can find
sequences {¢; } and {%, } of nonnegative simple functions that increase to f; and f>.

Then {¢; + ¥, } increases to f, + f2, so by the monotone convergence theorem and
Theorem 2.13b,

/%+ﬁﬁﬁ@ﬂ%+%Fﬁ@ﬁwﬂm/%=/h+/ﬁ.

Hence, by induction, f Zf’ frn = Zjlv f fn for any finite N. Letting N — oo
and applying the monotone convergence theorem again, we obtain [ ST fn =

221 [ fu- N

2.16 Proposition. If f € Lt, then [ f=0if f =0a.e.

Proof. This is obvious if f is simple: if f = > a;xg, with a; > 0, then
[ f = O/iff for each j either a; = 0 or u(E;) = 0. In general, if f = 0 a.e. and ¢
is simple with 0 < ¢ < f, then ¢ = 0 a.e., hence [ f = SUD < f [ ¢ =10. On the
other hand, {z : f(z) > 0} = |J” E,, where E,, = {z : f(z) > n"'}, soif it is
false that f = 0 a.e., we must have u(E,) > O for some n. Butthen f > n~xg,_,
so [ f>n"1u(E,) >0, B

2.17 Corollary. If {f,} C L*, f € LT, and f.(z) increases to f(x) for a.e. z,
then [ f =lim [ f,.

Proof. If f,(z) increasesto f(x) forz € E where u(E€) = 0,then f—fxg =0
a.e. and f, — fu,xg = 0 a.e., so by the monotone convergence theorem, f f =

[ fxg =lim [ foxg =lim [ f,. .

The hypothesis that the sequence {f,} be increasing, at least a.e., is essential
for the monotone convergence theorem. For example, if X is R and p is Lebesgue
measure, we have X(, ,41) — 0 and nx(o1/,) — O pointwise, but [ X(n nt1) =
1l nX(0,1/») = 1 for all n. As one sees by sketching the graphs, the trouble in these
examples is that the area under the graph “escapes to infinity” as n — oo, so the
area in the limit is less than one would expect. This is typical of the cases when the
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integral of the limit is not the limit of the integrals, but in this situation there is still
an inequality that remains valid. We deduce it from the following general result.

2.18 Fatou’s Lemma. If{f,} is any sequence in L™, then

/ (liminf f,,) < lim inf / fo.

Proof. Foreach k > 1 we have inf,,> f, < f; for j > k, hence [ inf, > fr <
[ f; for j > k, hence [inf,>k fn < infj>k [ f;. Now let & — oo and apply the
monotone convergence theorem:

/(hmmf fn) = hm (mf fn) < llmmf/fn

k— oo

2.19 Corollary. If {f,} C LT, f € LT, and f,, — f ae., then [ f <liminf [ f,.

Proof. If f, — f everywhere, the result is immediate from Fatou’s lemma,
and this can be achieved by modifying f,, and f on a null set without affecting the
integrals, by Proposition 2.16. B

2.20 Proposition. If f € LT and [ f < o0, then {z : f(z) = oo} is a null set and
{z: f(z) > 0} is o-finite.

The proof is left to the reader (Exercise 12).

Exercises
12. Prove Proposition 2.20. (See Proposition 0.20, where a special case is proved.)

13. Suppose {f.} C L*, f, — f pointwise, and [ f = lim [ f,, < oo. Then
[z f =1lim [, f, forall E € M. However, this need notbe true if [ f = lim [ f, =
oo.

14. If f € LT, let \(E) = [ f dufor E € M. Then A is a measure on M, and for
any g € LT, [ gd\ = [ fgdu. (First suppose that g is simple.)

15. If{f.} C L, f, decreases pointwise to f,and [ f; < oo, then [ f =lim [ f,.

16. If f € Lt and [ f < oo, for every € > 0 there exists E € M such that
uwE) <ooand [ f> ([ f) —e

17. Assume Fatou’s lemma and deduce the monotone convergence theorem from it.

2.3 INTEGRATION OF COMPLEX FUNCTIONS

We continue to work on a fixed measure space (X, M, u). The integral defined in the
previous section can be extended to real-valued measurable functions f in an obvious



	lec12
	非负函数积分与MCT

