
~K

�C´[0, 1]«mn�©Cantor8,

f(x) =


0, if x ∈ C

1
n
, if x ∈1ng�K���3−n�«m.

O�

∫ 1

0
f(x)dx.
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~KY

): [0, 1] = C ⊔
∞⊔

n=1

2n−1⊔
k=1

In,k , |In,k | =
1
3n

f(x) =
∞∑

n=1

2n−1∑
k=1

1
n
χIn,k

(x)

∫ 1

0
f(x)dx =

∞∑
n=1

2n−1∑
k=1

1
n

1
3n =

∞∑
n=1

1
n

2n−1

3n = ln
√

3
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LebesgueÈ©=RiemannÈ©+ÿÝØ

∫
E

f(x)dx f∈L+∩L∞
=======

E=[a,b]
lim
||π||→0

n∑
i=1

m(f−1[yi−1, yi))yi−1

===== lim
||π||→0

n∑
i=1

(
m(f−1[yi−1,+∞)) −m(f−1[yi ,+∞))

)
yi−1

===== lim
||π||→0

n∑
i=1

m(f−1[yi ,+∞))(yi − yi−1)

=====

∫ +∞

0
m(f−1[y,+∞)) ↓ dy

?2R(¥I��)



d��{wÈ©��sL«

∫
E

f(x)dx È©��sL«
==============

f�Kk.�ÿ

∫ +∞

0
m(f−1[t ,+∞)) ↓ dt
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d��{wÈ©��sL«

fã/e��Y²�¡:

{(x, t0) : x ∈ E, 0 ⩽ t0 ⩽ f(x)}, Ù¥t0 ∈ [0,∞)�½.

T8Ü���ÿÝ:

m({x : x ∈ E, 0 ⩽ t0 ⩽ f(x)}) = m(f−1[t0,+∞))

f�ã/�e� uü^��y = tÚy = t + dt�m�¡È

m(f−1[t ,+∞))dt

|^��{, f�ã/�e��¡È�∫ +∞

0
m(f−1[t ,+∞))dt
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~K

�f ∈ L +([a, b],R)K

f ∈ L 1[a, b]
üN~¼êRiemann�È5
⇐====================⇒

∞∑
k=0

m[f ⩾ k ] < +∞.
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�!Ì�SN

È©�5�:

(�RiemannÈ©�q)

'uýéëYÿÝ�È©

(È©�ÿÝØ¡8)

��gS�o��d½n

(��gS½n´¢©Û��Ù§Æ��­�>�)
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LebesgueÈ©½Â£�

E ⊂ Rn�ÿ.

S+ = S+(E,R) �K{ü�ÿ

L + = L +(E,R) �K�ÿ

L 1 = L 1(E,R) �È

?2R(¥I��)



LebesgueÈ©½Â£�

ÿÝØ ∥ È©Ø

ÿÝØ È©Ø

χA

J,
⇐=====⇒
��

L 1 ∪L +

ÿÝ σ�\5 ��gSo�½n

ÿÝØÚÈ©Ø´�Nü¡,ØU©�é�.
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Y

5P:lA�¼êïE�È¼ê,I�n«(�:

�þ�m(�,ÿÀ(�,S(�.

∫
E
χA := m(A),

∫
E

f :
S+∋φk↑f∈L +

========= lim
k→∞

∫
E
φk == sup

S+∋φ⩽f

∫
E
φ.

∫
E

f : f ∈ L
============
f+ or f− ∈ L 1

∫
E

f+ −
∫

E
f−, f± =

|f | ± f
2

f ∈ L 1(E)⇐==⇒ f± ∈ L 1(E)⇐⇒ |f | ∈ L 1(E)⇐⇒

∫
E
|f | < ∞.
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È©5�

(1)�5: f , g ∈ L 1(E), α, β ∈ R.∫
E
(αf + βg) = α

∫
E

f + β
∫

E
g

y²: S+(E)5�
↑lim
==⇒ L +(E)5�.

L +(E)5�
f=f+−f−
=====⇒ L 1(E)5�.

−f = f− − f+
È©½Â
=======⇒

∫
E
−f = −

∫
E

f .
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È©5�

f+ − f− + g+ − g− = f + g = (f + g)+ − (f + g)−

£�
====⇒ f+ + g+ + (f + g)− = f− + g− + (f + g)+

È©
====⇒

∫
E

f+ +

∫
E

g+ +

∫
E
(f + g)− =

∫
E

f− +
∫

E
g− +

∫
E
(f + g)+

£�
====⇒

∫
E

f +
∫

E
g =

∫
E
(f + g)
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Y

(2)üN5: f , g ∈ L 1(E)

f ⩽ g
Ø��f=0
========⇒

∫
E

f ⩽
∫

E
g.

(3)n�Ø�ª(È©Ú�
lÑÚëY):∣∣∣∣ ∫
E

f
∣∣∣∣ ⩽ ∫

E
|f |.

y²: −|f(x)| ⩽ f(x) ⩽ |f(x)|,È©=�.
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ýéëYÿÝ

ýéëYÿÝ: (Rn,L (Rn), µ)

µ(A)
f ∈ L +(E) ∩L 1(E)
=================

∫
A

fdm, ∀ A ⊂ E Lebesgue�ÿ

'uýéëYÿÝ�È©:

∫
E

gdµ =
∫

E
gfdm, ∀g ∈ L 1(E, dµ).
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ÿÝ�È©'X

5P1: ýéëYÿÝ�P�

dµ = fdm

5P2: dÿÝ�)È©�xù´A�¼ê:

µ(A) =

∫
A

fdm ⇐===⇒
∫

E
gdµ =

∫
E

gfdm Ù¥g = χA

ÿÝ´A�¼ê�È©

È©��­>F/�¡È´ÿÝ

?2R(¥I��)



'uÿÝf dm�È©

A ⊂ E ⊂ Rn �ÿ, f : E −→ RÈ©�3. K

∫
E
χA fdm =

∫
A

fdm.
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'uÿÝf dm�È©úª�y²

y²: oÜ­:

(1) f´A�¼ê,8(uÿÝØ.

(2). (Ø�±í2�f ∈ S+�/.

(3). f ∈ L +�/�=z�f ∈ S+�/.

(4).
∫

E f∃,Ø��f+ ∈ L 1(E),Kf+ ∈ L 1(A).∫
A

f ===

∫
A

f+ −
∫

A
f−

(3)
===

∫
E

f+χA −

∫
E

f−χA =

∫
E

fχA .
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È©���\5

È©���\5.

∫
E

f =
∫

A
f +
∫

E\A
f

5P1: y²5guòÈ©�Üz�EþÈ©.

5P2: ù¢Sþ´ëYÿÝ�k��\5.

5P2: È©´8�¤Ü!z"���Ãã"

È©��¿©�)
z��"�
©E|

?2R(¥I��)



"ÿ8��^

�f : E −→ RÈ©�3, A ⊂ E ´"ÿ8. K

∫
E

f =
∫

E\A
f ,

∫
A

f = 0.

y²:
∫

A
f± ⩽

∫
A
|f | = sup

S+∋φ⩽|f |

∫
A
φ = 0.
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"ÿ8��^Y

"ÿ8ØK�È©�35,�È5,È©�.

�f , g ∈ L (E), f a.e.
==== g. K

(1)
∫

E
f∃ ⇐⇒

∫
E

g∃.

(2) f ∈ L 1(E)⇐⇒ g ∈ L 1(E).

(3)
∫

E
f∃ =⇒

∫
E

f =
∫

E
g.
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�È¼êA�??k�

�f ∈ L 1(E) =⇒ |f | < ∞ a.e. in E.

y²: |f | ⩾ kχ
[|f |=+∞]

, ∀ k ∈ N

=⇒ +∞ >

∫
E
|f | ⩾ k m[|f | = +∞]

=⇒ m[|f | = +∞] = 0

?2R(¥I��)



�½

�mL 1(E)¥��½: (Banach�m�I¦)

a.e.��À�ð�,

a.e. ÂñÀ�Âñ.

Ïd�È¼êÀ�ð�k��.

3þã�½e,ò�mP�L1(E). L1(E)´Banach�m.
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È©nØ�U3a.e.���g©E¼ê

�f ∈ L +(E)
⋃

L 1(E),K

f a.e.in E
====== 0 ⇐===⇒

∫
A

f = 0, ∀A ⊂ E�ÿ.

æ^È©Ãã,�O¼ê��.
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Y

y²: ¿©5. �y{:

m[f , 0] > 0 =⇒Ø��m[f > 0] > 0

[f>0]=
⋃
k
[f>1/k ]

=========⇒ ∃ϵ0 =
1
k0
, m[f > ϵ0] > 0

=========⇒

∫
[f>ϵ0]

f ⩾ ϵ0m[f > ϵ0] > 0
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È©��gS½n

e��dµ

ÿÝσ�\5

LeviüNÂñ½n

FatouÚn

Lebesgue��Âñ½n

Fubini½n

5P:��gS½n3L + ∪L 1�µeS.
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LeviüNÂñ½n↑

Theorem 1 (LeviüNÂñ½n)

L+(E) ∋ fn ↑ f =⇒
∫

E
fn ↑
∫

E
f .
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üNÂñ¼ê����üN{ü¼ê�

S+ üNO\
−−−−−−−−−−−−−−−−−−−−−−−−−→

φ11 φ12 φ13 · · · −→ f1
φ21 φ22 φ23 · · · −→ f2
φ31 φ32 φ33 · · · −→ f3
· · ·

φm1 φm2 φm3 · · · −→ fm

· · ·
...

↓ (üNO\)

g1 g2 g3 · · · −→ f

−−−−−−−−−−−−−−−−−−−−−−−−−→
S+ üNO\

gj := max{φ1j , φ2j , · · · , φjj} ⩽ fj , gj ↑ f
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üN��z¼ê�~f

0 1 1 1 1 · · · −→ 1

0 0 1 1 1 · · · −→ 1

0 0 0 1 1 · · · −→ 1

0 0 0 0 1 · · · −→ 1

· · ·
...

↓

1
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üN��z¼ê�

­�5�:

gj := max{φ1j , φ2j , · · · , φjj}↑ f

y²: �½x,��Äf(x) ∈ R�/. �½ϵ,À�k0 > m0:

f(x) − ϵ < φm0k0(x) ⩽ fm0(x) ⩽ f(x)

=⇒ f(x) − ϵ < φm0k0 ⩽ gk0 ⩽ fk0 ⩽ f
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y²

L+(E) ∋ fn ↑ f =⇒
∫

E
fn ↑
∫

E
f .

y²: �S+ ∋ φkj ↑ fk , gj := max{φ1j , φ1j , · · · , φjj} ⩽ fj , gj ↑ f

∫
E

f = lim

∫
E

gj ⩽ lim

∫
E

fj ⩽
∫

E
f .
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LeviüNÂñ½n↓

Theorem 2 (LeviüNÂñ½n)

L +(E) ∩L 1(E) ∋ fn ↓ f =⇒
∫

E
fn ↓
∫

E
f .
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LeviüNÂñ½n↓y²

y²: Ø��f1 ð�k��.

f1 − fn ↑ f1 − f =====⇒

∫
E

f1 − fn ↑
∫

E
f1 − f

fn∈L1

=====⇒

∫
E

fn ↓
∫

E
f .
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FatouÚn

Theorem 3 (FatouÚn)

fn ∈ L +(E) =⇒

∫
E
lim

n→∞
fn ⩽ lim

n→∞

∫
E

fn.

�~:

fn(x) =
|x |
n
, χ

(n,n+1)(x), nχ
(0, 1n )

(x), x ∈ R
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Lebesgue��Âñ½n

Theorem 4 (Lebesgue��Âñ½n)

�fn ∈ L (E), |fn | ⩽ g ∈ L1. K

fn
a.e.
−−−→ f =====⇒ fn

L1

−−→ f ,
∫

E
fn −→

∫
E

f .
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Lebesgue��Âñ½n�~

�~: Ã��Âñ^�e�¡È<º:

¡È÷Xx¶<º:

fn(x) = χ(n,n+1)(x), x ∈ R

¡È÷Xy¶<º:

fn(x) = nχ
(0, 1n )

(x), x ∈ R

ëY���¡È<º

fn(x) =
|x |
n
, x ∈ R
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�d½n�y²

LeviüNÂñ½n =⇒ FatouÚn:

∫
E
lim fn =

∫
E

lim
k→+∞

inf
n⩾k

fn
Levi
==== lim

k→+∞

∫
E
inf
n⩾k

fn ⩽ lim
k→+∞

∫
E

fk .
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FatouÚn =⇒ Lebesgue��Âñ½n:

|fn | ⩽ g =⇒ 2g − |fn − f | ∈ L +

=⇒

∫
E

lim
n→+∞

(2g − |fn − f |) ⩽ lim
n→+∞

∫
E
(2g − |fn − f |)

=⇒ lim
n→+∞

∫
E
|fn − f | ⩽ 0.

Ø�ªXÛ�)�ª?
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�dy²Y

Lebesgue��Âñ½n =⇒ LeviüNÂñ½n:

���Äf ∈ L + \L 1�/:

�S+ ∋ φkj ↑ fk , gj := max{φ1j , φ1j , · · · , φjj} ⩽ fj , gj ↑ f

lim

∫
E

fj ⩾ lim

∫
E

gj =

∫
E

f = +∞.
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