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È©nØ�°�:

éy¶©�=⇒ LebesgueÈ©=⇒Ä�È©nØ(��í2).

χA
+,·,lim
−−−−−→ L+ ∪ L1. (rNÿÝÚÈ©´�Nü¡)

È©nØ3�ÿ8!�ÿ¼êµeS.

��gS½nL+ ∪ L13µeS.
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RiemannÈ© LebesgueÈ©

ý­O� ý­(�

�;nØAÚ ��êÆAÚ
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d��{wÈ©��sL«

Layer cake reprersentation: f ∈ L +(E) ∩L ∞(E).

∫
E

f(x)dx ===========

∫ +∞

0
m(f−1[t ,+∞)) ↓ dt
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­>F/�Y²8

�½t0 ⩾ 0.

(x, t0) ∈­>F/(f�ã/�e�)�Y²�¡

⇐===⇒ t0 ⩽ f(x)

⇐===⇒ x ∈ f−1[t0,+∞)
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f�ã/�e� uü^��y = tÚy = t + dt�m�¡È

m(f−1[t ,+∞))dt

|^��{, f�ã/�e��¡È�∫ +∞

0
m(f−1[t ,+∞))dt
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RiemannÈ© LebesgueÈ©

�¡¡� �G�s
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5P

L1(E)´Banach�m,

L1(E)¥Âñ´a.e.Âñ, L1Âñ.

�È¼êØ��ð�k��.
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��È©gS�Ê��d½n

ÿÝ�σ�\5�du:

Levi L+ fn ↑ f
fn∈L+

===⇒
∫

fn ↑
∫

f

Fatou L+
∫
lim fn

fn∈L+

⩽ lim
∫

fn

Lebesgue L1 fn
a.e.
−−−→ f

|fn |⩽g∈L1

=====⇒
fn�ÿ

fn
L1

−−→ f ,
∫

fn −→
∫

f

Fubini L+ ∪ L1
∫
Rn+m f f∈L+∪L1

=======
∫
Rn

( ∫
Rm f(x, y)dm(y)

)
dm(x).
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��gS��d½n3L+ ∪ L1µeS

��gS��d½n3L+ ∪ L1µeS

Levi f ∈ L+

Lebesgue f ∈ L1

Fatou f ∈ L+

Fubini f ∈ L+ ∪ L1
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�~:

fn(x) = χ(n,n+1)(x), nχ
(0, 1n )

(x),
|x |
n
, x ∈ R

FatouÚn“ < ”���(¡È�U<º�Ã¡).

Lebesgue��Âñ½n(¡ÈØ¬<º�Ã¡)
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Å�È©½n

Fubini½n�?ê/ª:

∫
E

∞∑
n=1

fn(x)dx
f(n, x) ∈ L+ ∪ L1(N × E)
====================

∞∑
n=1

∫
E

fn(x)dx.

fn(x) =: f(n, x) ∈ L1(N × E)
def
⇐==⇒

∞∑
n=1

∫
E
|f(n, x)|dx < ∞.
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Å�È©½n5P

L+�/,5güNÂñ½n.

L1�/,5g��Âñ½n.

L+�/:

üNÂñ½n�?ê/ª.

ÿÝσ�\5dA�¼ê��K�ÿ¼ê�í2

Fubini½n�?ê/ª.
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'uÈ©��σ�\5

È©'uÈ©��σ�\5.

∫
E

f
f∈L+(E)

===========
E=⊔Ek ,Ek�ÿ

∞∑
k=1

∫
Ek

f .
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È©'uÈ©��σ�\5.

Fubini½n�?ê/ª

'uýéëYÿÝf dm�σ�\5.
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ÿÝ�m(E,L (E), dµ)ÿÝ�m

f ∈ L + ∩L 1, dµ = fdm.

µ(E) =

∫
E

dµ =
∫

E
fdm.

∫
E

gdµ =
∫

E
gfdm, ∀g ∈ L 1(E, dµ).

5P:È©´ÿÝ(ýéëYÿÝ).

ÙÖ/: RiemannÈ©´­>F/�¡È.
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¹ëþÈ©

Ð�¼ê
¹ëþÈ©
=========⇒�Ð�¼ê

5P:

Riemannµee�¹ëþÈ© ==⇒ Lebesgueµee�¹ëþÈ©
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¹ëþÈ©�ëY5:

|f(·, t)| ⩽ g ∈ L1(E)
f'ut ∈ [a, b]ëY
==============⇒
'ux ∈ E�È

∫
E

f(x, t)dx ∈ C[a, b].
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¹ëþÈ©�±ëY5:

���È5\r����È5
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¹ëþÈ©ëY5�y²

y: lim
t→t0

∫
E

f(x, t)dx =

∫
E

f(x, t0)dx

⇐⇒ lim
n→∞

∫
E

f(x, tn)dx ��Âñ=========

∫
E

f(x, t0)dx, ∀ tn → t0.
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ëY���Lebesgue��Âñ½n

Theorem 1 (ëY���Lebesgue��Âñ½n)

b�f(x, t)'ux3Eþ�ÿ,'ut3[a, b]ëY,
�

|f(·, t)| ⩽ g ∈ L1(E), ∀t ∈ [a, b]

=⇒ lim
t→t0

∫
E

f(x, t)dx =

∫
E
lim
t→t0

f(x, t)dx, ∀ t0 ∈ [a, b].
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Theorem 2 (�êÚÈ©��gS)

∣∣∣∣∂f(·, t)
∂t

∣∣∣∣ ⩽ g ∈ L1(E)

f , ft'ux�È
===========⇒

ft�3

d
dt

∫
E

f(x, t)dx =

∫
E

∂f(x, t)
∂t

dx.
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��¼ê9Ù�ê�È,
�'u�ê��È5\r����È5.

¹ëþÈ©�±��5

¦�ÚÈ©�±��gS.
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¹ëþÈ©��5�y²

y²:

m>
∣∣∣
t=t0

∀ t0,tn→t0=========
¥�½n

∫
E
lim

n→∞

f(x, tn) − f(x, t0)
tn − t0︸                ︷︷                ︸

= f ′(x, ξn)

dx

��Âñ
========= lim

n→∞

∫
E

f(x, tn)dx −
∫

E
f(x, t0)dx

tn − t0

======== �>
∣∣∣
t=t0
.
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Borel-CantelliÚn:

fn(x) ∈ L1(N × E, µ ×m) =====⇒ fn
a.e.x∈E
−→ 0.

5P:

f(n, x) := fn(x) ∈ L1(N × E, µ ×m)⇐===⇒
∞∑

n=1

∥fn∥L1(E) < +∞
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a.e.Âñ5�y²=z�L1Âñ5(È©nØ)?n.

(\r)L1Âñ%¹a.e.Âñ

�f�A�¼ê,���;�ÿÝØ(J.

¯K: üNÂñ½n�^�e´ÄUíÑL1Âñ5?
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y²: ∞ >

∞∑
n=1

∥fn∥L1(E) =

∫
E

∞∑
n=1

|fn | dm

=⇒
∞∑

n=1

|fn(x)| ∈ L1(E)

=⇒
∞∑

n=1

|fn(x)|
a.e.
< +∞.

=⇒ fn
a.e.
−→ 0.
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�f : [0, 1]2 −→ R½Â�

f(x, y) =


2, if xy ∈ Q

1, otherwise.

O� ∫
[0,1]2

f(x, y)dxdy
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):

[xy ∈ Q] =
⋃

n

[xy = rn] = R
2¥"ÿ8

=====⇒ f a.e.
==== 1

=====⇒

∫
[0,1]2

f(x, y)dxdy ==

∫
[0,1]2

1dxdy = 1.
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�f ∈ L1(E), f > 0, E ⊂ Rn�ÿ. y²:

lim
k→∞

∫
E

f(x)1/k dx = m(E).
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y²: ��y²4�ÚÈ©���gS,�dòÈ©�¿©¤
üÜ©

E = [f ⩾ 1] ⊔ [f < 1].

3[f ⩾ 1]þ: f(x)1/k ⩽ f(x),�|^Lebesgue��Âñ½n.

3[f < 1]þ: f(x)1/k ↑ 1,�|^LeviüNÂñ½n.
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y²eã(Ø:

f ∈ L1[0, 1] =⇒ lim
n→∞

∫ 1

0
n log(1 +

|f(x)|2

n2 )dx = 0
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y²:

∀x > 0, log(1 + x2) ≤ x
��Âñ½n
===========⇒4�ÚÈ©���gS

log(1 + x2) ≤ x2 =====⇒ lim
n→∞

n log(1 +
|f(x)|2

n2 ) = 0
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