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��È©gS�Ê��d½n

ÿÝ�σ�\5�du:

Levi L+ fn ↑ f
fn∈L+

===⇒
∫

fn ↑
∫

f

Fatou L+
∫
lim fn

fn∈L+

⩽ lim
∫

fn

Lebesgue L1 fn
a.e.
−−−→ f

|fn |⩽g∈L1

=====⇒
fn�ÿ

fn
L1

−−→ f ,
∫

fn −→
∫

f

Fubini L+ ∪ L1
∫
Rn+m f f∈L+∪L1

=======
∫
Rn

( ∫
Rm f(x, y)dm(y)

)
dm(x).
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��gS��d½n3L+ ∪ L1µeS

��gS��d½n3L+ ∪ L1µeS

Levi f ∈ L+

Lebesgue f ∈ L1

Fatou f ∈ L+

Fubini f ∈ L+ ∪ L1

?2R(¥I��)



í21

fz��K5

?2R(¥I��)



í2�LeviüNÂñ½n

í2�{K:

f ∈ L + ⇐===⇒ f− ≡ 0
í2
−−−−−→ f− ∈ L + ∩L 1
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í2�LeviüNÂñ½n↑

Theorem 1 (í2�LeviüNÂñ½n)

L (E,R) ∋ fn ↑ f
f−1 ∈ L + ∩L 1

===========⇒

∫
E

fn ↑
∫

E
f .

?2R(¥I��)
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S(�:

f+ =
|f |+ f

2
= max{f , 0}, f− =

|f | − f
2

= max{−f , 0} = (−f)+

f ⩽ g =====⇒ max{f , 0} ⩽ max{g, 0} =====⇒ f+ ⩽ g+

f ⩽ g =====⇒ −min{f , 0} ⩾ −min{g, 0} =====⇒ f− ⩾ g−
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Y

fn ↑ f =====⇒ f−n ↓ f−, ∀n

f−1 ∈ L + ∩L 1 fn ↑ f
⇐===⇒ f−n ∈ L + ∩L 1, ∀n
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í2�LeviüNÂñ½n↑�y²

y²: �/1: f+1 < L 1

∫
E

f1 =

∫
E

f+1 −
∫

E
f−1 = +∞ =⇒

∫
E

fn = +∞
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�/2: f+1 ∈ L 1

f±1 ∈ L 1 =⇒ f1 ∈ L 1 (Ø��f1ð�k��)

=⇒ 0 ⩽ fn − f1 ↑ f − f1 =⇒

∫
E
(fn − f1) ↑

∫
E
(f − f1)

=⇒

∫
E

fn ↑
∫

E
f
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í2�LeviüNÂñ½n↓

Theorem 2 (í2�LeviüNÂñ½n)

L (E,R) ∋ fn ↓ f
f+1 ∈ L + ∩L 1

===========⇒

∫
E

fn ↓
∫

E
f .
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y²: |^S(�¥¦±−1�éÜ=�.

fn ↓ f , f+1 ∈ L + ∩L 1

f−= |f |−f
2

====⇒ −fn ↑ −f , (−f1)− ∈ L + ∩L 1

=⇒

∫
E
(−fn) ↑

∫
E
(−f)

=⇒

∫
E

fn ↓
∫

E
f
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í2�FatouÚn

Theorem 3 (í2�FatouÚn)

fn ∈ L (E,R)
(inf

n
fn)− ∈ L + ∩L 1

================⇒

∫
E
lim

n→∞
fn ⩽ lim

n→∞

∫
E

fn.

(inf
n

fn)− ∈ L + ∩L 1
(inf

n
fn)−⩾f−k , ∀k∈N

=============⇒ f−k ∈ L + ∩L 1

��Ø¤á~Xfn = −n.
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y²:

fn ⩾ inf
k⩾n

fk ↑ lim
n→∞

fn

í2�üNÂñ½n
================⇒

∫
E

fn ⩾
∫

E
inf
k⩾n

fk ↑
∫

E
lim

n→∞
fn

==============⇒ lim
n→∞

∫
E

fn ⩾ lim
n→∞

∫
E
inf
k⩾n

fk =

∫
E
lim

n→∞
fn
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í2�FatouÚn

Theorem 4 (í2�FatouÚn)

fn ∈ L (E,R)

(sup
n

fn)+ ∈ L + ∩L 1

================⇒

∫
E
lim

n→∞
fn ⩾ lim

n→∞

∫
E

fn.
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í2���È©gS½n

ÿÝ�σ�\5�du:

Levi ↑ f−Ð fn ↑ f ==⇒
∫

fn ↑
∫

f

Levi ↓ f+Ð fn ↓ f ==⇒
∫

fn ↓
∫

f

Fatou (inf
n

fn)−Ð
∫
lim fn ⩽ lim

∫
fn

Fatou (sup
n

fn)+Ð
∫
lim fn ⩾ lim

∫
fn
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í2�Lebesgue��Âñ½n

í2�Lebesgue��Âñ½n

��^�:

d��¼ê��
~f
====⇒^¼ê���

����
~f
====⇒�����
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L1ÂñÚ��È©gS��d5

b�

(1) fn
a.e.
−−−→ f

(2) fn, f ∈ L +(E) ∩L 1(E).

K

fn
L1

−−→ f ⇐⇒ lim
n→∞

∫
E

fn =

∫
E
lim

n→∞
fn.
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y²:“ =⇒ ” : lim

∣∣∣∣∣∫
E

fn −
∫

E
f
∣∣∣∣∣ ⩽ lim

∫
E
|fn − f | = 0.
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“⇐= ” : (fn + f) − |fn − f | ∈ L+(E)

Fatou
===⇒

∫
E
lim((fn + f) − |fn − f |) ⩽ lim

∫
E
((fn + f) − |fn − f |)

�> =

∫
E

2f

m> = lim

∫
E
(fn + f) − lim

∫
E
|fn − f |) =

∫
E

2f − lim
∫

E
|fn − f |)

==⇒ lim

∫
E
|fn − f | ⩽ 0.
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FatouÚnU�)�ª����Ï:

lim
n→∞

∫
E
|fn − f | ⩽ 0 =====⇒ lim

n→∞

∫
E
|fn − f | = 0.
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í2�Lebesgue��Âñ½n

Theorem 5 (í2�Lebesgue��Âñ½n)

�fn ∈ L (E), |fn | ⩽ g ∈ L1. K

fn
m
−−→ f ⇐===⇒ fn

L1

−−→ f .
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y²:

fn
L1

−−→ f ⇐===⇒ lim
n→∞
∥fn − f∥L1 = 0

⇐===⇒ ∀ϵ > 0,∃N ∈ N,�n > N�,k∥fn − f∥L1 < ϵ.

fn
L1

↛ f
�|^f��O{
==============⇒ ∃ϵ0 > 0, ∃f�fkn : ∥fkn − f∥L1 ⩾ ϵ0

fn
m
−−→ f

Riesz
=====⇒ ∃fknf�fk ′n

a,e
−−−→ f

Lebesgue��Âñ
=============⇒ fk ′n

L1

−−→ f gñ
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fz��Âñ½n

Theorem 6 (Lebesgue��Âñ½n,'��O{)

�fn ∈ L (E),

|fn | ⩽ gn
L1

−−−→
a.e.

g

K

fn
a.e.
−−−→ f =====⇒ fn

L1

−−→ f ,
∫

E
fn −→

∫
E

f .
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fz��Âñ½nY

y²: (gn + g) − |fn − f | ∈ L+(E)

Fatou
===⇒

∫
E
lim((gn + g) − |fn − f |) ⩽ lim

∫
E
((gn + g) − |fn − f |)

==⇒ lim

∫
E
|fn − f | ⩽ 0.

?2R(¥I��)



5P

Theorem 7 (|^¼ê����Lebesgue½n)

�fn ∈ L(E), fn
a.e.
−−−→ f ,

|fn | ⩽ gn
L1

−−−→
a.e.

g

K
(1) ��¼ê�÷v

gn
a.e.
−−−→ g, gn

L1

−−→ g,
∫

E
gn −→

∫
E

g.

(2) ����¼ê�÷v

fn
a.e.
−−−→ f , fn

L1

−−→ f ,
∫

E
fn −→

∫
E

f .
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|^¼ê����Lebesgue½n5P
^�:

a.e.Âñ L1Âñ È©Ú4��S

¼ê�{fn}
√

��¼ê�{gn}
√ √

(Ø:

a.e.Âñ L1Âñ È©Ú4��S

¼ê�{fn}
√ √ √

��¼ê�{gn}
√ √ √
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�E ∈ L (Rn), fn, f ∈ L (E,R).

fn
a.e.
−−−→ f ⇐===⇒ m[fn ↛ f ] = 0;

fn
a.un
−−−→ f ⇐===⇒ ∀ ϵ > 0, ∃�ÿEϵ ⊂ E :

m(Eϵ) < ϵ, fn
onE\Eϵ
⇒ f ;

fn
m
−−→ f ⇐===⇒ ∀ ϵ > 0, lim

k→∞
m[|fk − f | ⩾ ϵ] = 0.

(ÿÝ�x�8Ü)

?2R(¥I��)



n«Âñ5��*¹Â

A�??Âñ´Ø���"ÿ8�:�Âñ.

A���Âñ`²����?¿�ÿÝ8���Âñ.

±ÿÝÂñØ´:�Âñ,§`²fk �lf�:8´�ÿÝ
8,�ØØT8Ü� �.
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n«Âñ��ÿÝÂñ.��x

Ã¡õ��lf�´"ÿ8.

fk
a.e.
−−−→ f ⇐===⇒ ∀ ϵ > 0, m( lim

k→∞
[|fk − f | ⩾ ϵ]) = 0.

(#Nk��~	�)���lf�:8´�ÿÝ8.

fk
a.un
−−−→ f ⇐===⇒ ∀ ϵ > 0, lim

k→∞
m(

∞

∪
j=k

[|fj − f | ⩾ ϵ]) = 0.

�ÿÝ¿Â�lf´�ÿÝ8.

fk
m
−−→ f ⇐===⇒ ∀ ϵ > 0, lim

k→∞
m[|fk − f | ⩾ ϵ] = 0.
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A�??Âñv .s.�ÿÝÂñ

a.e. A�??Âñ :� "ÿ8

m ±ÿÝÂñ �:� �ÿÝ8
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A�??ÂñÚ�ÿÝÂñ´ÕáVg

A�??Âñ,��ÿÝÂñ.

E = (0,+∞)

χ
(n,n+1)

a.e.
−→ 0

χ
(n,n+1)

m
↛ 0
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A�??ÂñÚ�ÿÝÂñ´ÕáVgY

�ÿÝÂñ,�A�??Âñ.

E = [0, 1]

fkr = χ[ r−1
k ,

r
k )
, r = 1, . . . k , k ∈ N

{gk } := {f11, f21, f22, . . .}

gk
m
→ 0

gk
a.e.
↛ 0

?2R(¥I��)


