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í2�LeviüNÂñ½n↑

Theorem 1 (í2�LeviüNÂñ½n)

L (E,R) ∋ fn ↑ f
f−1 ∈ L + ∩L 1

===========⇒

∫
E

fn ↑
∫

E
f .
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í2�FatouÚn

Theorem 2 (í2�FatouÚn)

fn ∈ L (E,R)
(inf

n
fn)− ∈ L + ∩L 1

================⇒

∫
E
lim

n→∞
fn ⩽ lim

n→∞

∫
E

fn.
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È©3Ã¡:?�Øõ�":

f ∈ L 1(Rn) =====⇒ lim
R→+∞

∫
[|x |>R]

|f(x)|dx = 0.
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y²µ � = lim
R→+∞

∫
Rn
|f(x)| χ

[|x |>R]
(x) dx ��Âñ=========

lÑz
0.
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f ∈ L 1(Rn) =====⇒ lim
m(A)→0

∫
A
|f |dm = 0

4��ϵ − δ�óµ

∀ϵ > 0, ∃δ > 0, �A�ÿ, m(A) < δ�, k∫
A
|f |dm < ϵ.

5Pµù´e�(J�í2

m(A) = 0
f ∈ L 1(Rn)

============⇒

∫
A
|f |dm = 0.
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y²: �y{:

∃ϵ0 > 0, ∃An ⊂ R
n�ÿ, m(An) <

1
2n ,

∫
An

|f | ⩾ ϵ0

Borel−Cantelli
========⇒ A := lim

n→∞
An, m(A) = 0

0
m(A)=0
======

∫
A
|f | f∈L1

=======
Lebesgue

lim
n→∞

∫
∞
∪

k=n
Ak

|f | ⩾ ϵ0.
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�E ⊂ Rn´Lebesgue�ÿ8.

f ∈ L 1(E) =====⇒ lim
m(A)→0

∫
A
|f | = 0

=====⇒ lim
R→∞

∫
[|f |>R]

|f | = 0

5Pµ ¼ê|f(x)|�A­>F/Y²8µ

{
(x,R) : |f(x)| > R

}
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y²^�ChebyshevØ�ª

f ∈ L1(Rn)
Chebyshev
======⇒ m[|f | > R] ⩽

1
R

∫
Rn
|f |

y²µ m[|f | > R] =

∫
[|f |>R]

1 ⩽
∫
[|f |>R]

|f(x)|
R

AÛ¿Âµ

|f(x)|�­>F/Y²8�)�­>F/ ⊂ |f(x)|�­>F/.
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"*¿ =⇒�Ø��f ∈ L1(Rn)

� R >
1
δ

∫
E
|f |

Chebyshev
======⇒ m[|f | > R] ⩽

1
R

∫
E
|f | < δ, R ≫ 1

È©3�8Üþ�Øõ�"
======================⇒
¼ê�¿©��:´�8Ü

∫
[|f |>R]

|f | < ϵ.
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lim
R→∞

[|f | > R] = [|f | = ∞] "ÿ8

=====⇒ lim
R→∞

∫
[|f |>R]

|f |
Lebesgue
======= 0
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Def

�fn ∈ L 1(E), m(E) < ∞, E ⊂ Rn �ÿ.

{fn}n∈N���È
def

⇐===⇒ lim
R→∞

sup
n

∫
[|fn |>R]

|fn | = 0

�����: Ã¡��Øõ´��.
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�fn ∈ L 1(E), m(E) < ∞, E ⊂ Rn,K

{fn}n∈N���È ⇐==⇒



sup
n

∫
E
|fn | < ∞ (L 1¥k.8Ü)

lim
m(A)→0

sup
n

∫
A
|fn | = 0.

1��^��Óuµ

∀ϵ > 0, ∃δ > 0, �m(A) < δ�,¤á

sup
n

∫
A
|fn | < ϵ
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7�5:

∫
E
|fn | =

∫
[|fn |⩾R]

|fn |+
∫
[|fn |<R]

|fn | < ϵ + Rm(E)

∫
A
|fn | =

∫
A∩[|fn |⩾R]

|fn |+
∫

A∩[|fn |<R]
|fn | <

ϵ

2
+Rm(A) < ϵ, δ :=

ϵ

2R
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¿©5:

� R >
1
δ
sup

n

∫
E
|fn |

Chebyshev
======⇒ m[|fn | ⩾ R] ⩽

∫
[|fn |⩾R]

|fn |
R
⩽

∫
E

|fn |
R
< δ

======⇒ sup
n

∫
[|fn |⩾R]

|fn | < ϵ.
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�fn ∈ L 1(E), m(E) < ∞, E ⊂ Rn,K

|fn | ⩽ g ∈ L1(E) =====⇒ {fn}n∈N���È
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y²:

���È
���È��d½Â
================⇒
Ã¡�^���O

���È
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Theorem 3 (í2�FatouÚn)

�fn ∈ L (E,R), m(E) < ∞, E ⊂ Rn,

{fn}n∈N���È

=====⇒

∫
E
lim

n→∞
fn ⩽ lim

n→∞

∫
E

fn ⩽ lim
n→∞

∫
E

fn ⩽
∫

E
lim

n→∞
fn

5Pµ3��^�e§FatouÚn¤á"

5PµdFatouÚníÑLebesgueÂñ½n§Ïd3���È�
^�e§a.e. ==⇒ L1"
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y²: {fn}n∈N���È : lim
R→∞

sup
n∈N

∫
[|fn |>R]

|fn | = 0

=⇒ ∀ϵ > 0, ∃R > 0 :

∣∣∣∣∣∣
∫
[fn<−R]

fn

∣∣∣∣∣∣ < ϵ, ∀n

=⇒

∫
E

fn =

∫
[fn⩾−R]

fn +
∫
[fn<−R]

fn

=⇒

∫
E

fn >
∫
[fn⩾−R]

fn − ϵ
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fnχ[fn⩾−R]
⩾ −R

==========⇒ (inf
n

fnχ[fn⩾−R]
)− ⩽ (−R)− = R ∈ L1(E)

FatouÚn
==========⇒
fnχ[fn⩾−R]

⩾ fn
lim

∫
[fn⩾−R]

fn ⩾
∫

E
lim(fnχ[fn⩾−R]

) ⩾

∫
E
lim fn
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nþ¤ã:

=====⇒ lim

∫
E

fn ⩾ lim

∫
[fn⩾−R]

fn − ϵ ⩾
∫

E
lim fn − ϵ

ϵ→0
=====⇒ lim

∫
E

fn ⩾
∫

E
lim fn
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