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ÿÝ�ýéëY5

�(X , Γ, µ), (X , Γ, ν)´ÿÝ�m.

ν´k�ÿÝ,=ν(X) < ∞.

ν´k�ÿÝ§ν'uµýéëY (ν ≪ µ):

µ(A)
∀A∈Γ
===== 0 =⇒ ν(A) = 0.

?2R(¥I��)



ÿÝ�ýéëY5

ν'uµýéëY�O{:

ν ≪ µ ⇐===⇒ lim
µ(A)→0

ν(A) = 0.

4���d£ãµ

∀ϵ > 0, ∃δ > 0, �A ∈ Γ, µ(A) < δ�, kν(A) < ϵ.
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y²: “⇐= ” µ(A)
A∈Γ
==== 0 =⇒ ν(A) < ϵ (∀ϵ > 0).

“ =⇒ ”�y{: ∃ϵ0, ∃An ∈ Γ, µ(An) <
1
2n , ν(An) ⩾ ϵ0.

Borel−C
=====⇒ A := lim

n→∞
An, µ(A) = 0, ν(A) = lim

n→∞
ν(
∞

∪
k=n

Ak ) ⩾ ϵ0.
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Radon-Nikodym½n: ÿÝØº¸

Theorem 1 (Radon-Nikodym½n)

�µ´k�ÿÝ,K

µ ≪ m
∃ ! f∈L+(E)∩L1(E)
⇐==========⇒ dµ = fdm.

5P:È©Ø¿Âe��
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m(E) < ∞.

0 ∈ Γ :=
{
g ∈ L+(E) ∩ L1(E) : dµ − gdm´�ÿÝ

}
.

dµ − gdm´�ÿÝ⇐==⇒
∫

A
g dm ⩽ µ(A), ∀A ⊂ E�ÿ

λ := sup
g∈Γ

∫
E

g dm ∃!f∈Γ
=====
�y

∫
E

f dm
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5�µ Γé����$�µ4µ

g1, g2 ∈ Γ ==⇒ max(g1, g2) ∈ Γ.

y²µ∫
A
max(g1, g2)dm =

∫
A∩[g1>g2]

g1dm +

∫
A∩[g1⩽g2]

g2dm

⩽ µ(A ∩ [g1 > g2]) + µ(A ∩ [g1 ⩽ g2])

= µ(A).
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Radon-Nikodym�y

�4�S�{gn}n⩾1 ⊂ Γ :

∫
E

gndm → λ

=====⇒ hn := max
1⩽k⩽n

gk ∈ Γ�´4�S�

Levi
=====⇒ hn ↗ f ,

∫
E

fdm = lim
n→∞

∫
E

hndm ⩽ dµ(E).

=====⇒ f ∈ Γ,
∫

E
fdµ = λ
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dν := dµ − fdm ⇐===⇒ ν(A) = µ(A) −

∫
A

fdm

=====⇒ ν´���KÿÝ

=====⇒ ν = 0

�y{: ν , 0 ==⇒ ν(E) > 0 ==⇒ ∃ϵ0 > 0 : ϵ0m(E) < ν(E)

dν − ϵ0dm´ÎÒÿÝ,aq¼êäkHahn©)(E+,E−)

=====⇒ ∀�ÿ8A ⊂ E : ϵ0m(A ∩ E+) < ν(A ∩ E+)
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=====⇒

∫
A
(f + ϵ0χE+)dm ⩽

∫
A

fdm + ν(A ∩ E+) ⩽ µ(A)

=====⇒ f + ϵ0χE+ ∈ Γ

∫
E
(f + ϵ0χE+)dm >

∫
E

fdm, gñ

Ö¿y²m(E+) > 0:

m(E+) = 0
µ≪m

=========⇒ µ(E+) = 0
ν(A):=µ(A)−

∫
A fdm

===========⇒ ν(E+) = 0

E=E+⊔E−
==========⇒
m(E+)=ν(E+)=0

0 < (ν − ϵ0m)(E) = (ν − ϵ0m)(E−) ⩽ 0.
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b�f ∈ L1
�fdm = 0 =====⇒

∫
A

fdm = 0 ∀ A =====⇒ f = 0 a.e.

�y{µØ��f+ , 0(a.e. ¿Âe),Ø��

m([f+ > 0]) > 0

f−
∣∣∣
[f+>0] = 0 ==⇒ 0 =

∫
[f+>0]

fdm =

∫
[f+>0]

f+dm

|^�y{ ∫
[f+>0]

f+dm > 0.

?2R(¥I��)



SN2

È©�ýéëY5

?2R(¥I��)



È©�ýéëY5

f ∈ L1(E) GGGBFGGG |f |dm ≪ dm (Radon − Nikodym½n)

⇐⇒ lim
m(A)→0

∫
A
|f |dm = 0

⇐⇒ ∀ϵ > 0, ∃δ > 0, �A ∈ Γ, m(A) < δ�, k

∫
A
|f |dm < ϵ.
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È©3k�:?�Øõ�"

m(A) = 0
f∈L1(E)
=====⇒

∫
A
|f |dm = 0.
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È©3Ã¡:?�Øõ�"

È©3Ã¡:?�Øõ�":

f ∈ L1(Rn) =⇒ lim
k→∞

∫
|x |>k
|f(x)|dx = 0.

y²µ � = lim
k→∞

∫
Rn
|f(x)| χ

[|x |>k ](x) dx ��Âñ========= 0.
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\�OêÿÝ�m

(Zn, 2Zn , µ) Zn :=
{
1, 2, . . . , n

}
.

\�OêÿÝ:

µ({j}) = λj , j = 1, . . . n

1�©): λ1 + · · ·+ λn = 1, λj ⩾ 0.

?¿¼êf : Zn −→ R7�ÿ.
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\�²þ´'u\�OêÿÝ�È©

∫
Zn

f dµ =
n∑

k=1

∫
{k }

f dµ =
n∑

k=1

λk f(k) =
n∑

k=1

λk ak

∫
Zn

|f | dµ =
n∑

k=1

λk |ak |.
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à¼êφ : (a, b) −→ R:

φ(
n∑

j=1

λjaj) ⩽
n∑

j=1

λjφ(aj).

∀ aj ∈ (a, b), λj ⩾ 0, λ1 + · · ·+ λn = 1.
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\�OêÿÝ:
µλ1,...,λn({j}) = λj .

à¼êÈ©�x

φà
f∈L1

⇐==⇒ φ

(∫
Zn

f dµλ1,...,λn

)
⩽

∫
Zn

φ ◦ f dµλ1,...,λn ∀ n, λj .
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JensenØ�ª:

φ : (a, b)
à
−−→ R ⇐==⇒ φ

(∫
X

fdµ
)
⩽

∫
X
φ ◦ fdµ,

é∀ f : X
f∈L1(X ,µ)
−−−−−−−−→ (a, b)¤á.

Ù¥(X , Γ, µ)´?¿VÇÿÝ�m.

?2R(¥I��)



JensenØ�ªY

JensenØ�ª:

�(X , Γ, µ)´ÿÝ�m, µ(X) ∈ (0,+∞). K

φ : (a, b)
à
−−→ R ⇐==⇒ φ

(
1
µ(X)

∫
X

f dµ
)
⩽

1
µ(X)

∫
X
φ ◦ f dµ,

é∀ f : X
f∈L1(X ,µ)
−−−−−−−−→ (a, b)¤á.

Ù¥(X , Γ, µ)´?¿ÿÝ�m:

µ(X) ∈ (0,+∞).
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φ

(∫
Zn

f dµλ1,...,λn

)
⩽

∫
Zn

φ ◦ f dµλ1,...,λn

���Í
===========⇒
êÆ�É	å

φ

(∫
X

fdµ
)
⩽

∫
X
φ ◦ fdµ
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y²:

α :
µ(X)=1
======

∫
X

f dµ ∈ (a, b).

(α = a =⇒

∫
X
(f − a)dµ = 0

=⇒ f − a a.e.
= 0�µ(X) = 1gñ.)
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�(α, φ(α))?�| ��

φ(α) + k(x − α).

φà
=====⇒ φ(α) + k(x − α) ⩽ φ(x)

È©
====⇒
x:=f(t)

φ(α) ⩽

∫
X
φ ◦ f dµ.
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¼ê��sL«Layer cake reprersentation:

f(x) ¼ê��sL«
==============

f�Kk.�ÿ

∫ +∞

0
χ

f−1(t ,+∞)
(x)dt

A�¼êχ
f−1(t ,+∞)

(x) =====⇒�ÿ¼êf(x)

�½î�Ix,Kfã/e�R�8�A��ü«L«:

χ
f−1(t ,+∞)

(x) = χ
[0,f(x))(t)

f(x)e��1t�
­>F/À��s
==============⇒
þ�Ã�z

éf(x)k�z
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A�¼ê
��éX
=======⇒
�sL«

�ÿ¼ê

¼ê��sL«
Fubini

=======⇒
ü>È©

È©��sL«
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È©��sL«

∫
E

f(x)dµ(x) È©��sL«
==============

f�Kk.�ÿ

∫ +∞

0
µ(f−1(t ,+∞))︸            ︷︷            ︸

fã/e�Y²8�ÿÝ

↓ dt
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¼ê�­�:

¼ê�­�:

Ø5K
­�
====⇒5K (4�  35K�/��)
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¼ê­�: Rearrangement

8Ü�­�

A
m(A)=m(A∗)
========⇒

m(A)<∞
A∗ = B(0, r)

A�¼ê�­�

χA

χ∗
A
=(χA )

∗:=A∗=χA∗

============⇒ χA∗

�K�ÿ¼ê�­�

L +(Rn) ∩L 1(Rn) ∋ f
f∗(x):=

∫ ∞
0 χ

∗

f−1[t ,+∞)
(x)dt

===============⇒
f(x)=

∫ ∞
0 χf−1[t ,+∞)

(x)dt
f∗
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üN5: »�¼ê χ∗
A
↓=⇒ f∗ ↓

�S5: f ⩽ g =⇒ f∗ ⩽ g∗

f�ã/e� ⊂ g�ã/e�

��5: ∥f∥1
È©��sL«
============== ∥f∗∥1

ålØO: ∥f∗ − g∗∥1 ⩽ ∥f − g∥1

(ë�Lieb5Analysis6)
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