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í2�áv:

¼ê´ÿÝ: f ≡ fdm

å: f f+ f− |f | Ref Imf

ª: ν ν+ ν− |ν| Reν Imν
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¼ê�Hahn-Jordan©)
LebesgueÿÝ�m(Rn,L (Rn),m), f : Rn −→ R

Jordan©): f = f+ − f− ≡ f+dm − f−dm =: ν+ − ν−

Hahn©): Rn = [f ≥ 0]
⊔
[f < 0] =: A+ ⊔

A−

üöéX:

ν+ ⊥ ν− ⇐===⇒


ν+(A−) =

∫
A− dν+ =

∫
[f<0] f+dm = 0,

ν−(A+) =
∫

A+ dν− =
∫
[f⩾0] f−dm = 0
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¼ê�Hahn-Jordan©)
1. σk�ÿÝ

f±���È.

2. k�ÿÝ

f �È.

Hahn©)µRn = [f ≥ 0]
⊔
[f < 0] =: A+ ⊔

A−

��|f |dm"ÿ8��"[f = 0]´|f |dm"ÿ8"

ν+(E) = ν(E ∩ A+) =

∫
E∩A+

fdm, ν−(E) = −ν(E∩X−) = sup
P⊂E
−ν(P)
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SN1

ÎÒÿÝ

�éäNA~`²: ÿÝ�m(Rn,L (Rn), µ)
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ÎÒÿÝ

�ÿ�m(X , Γ): X´��8Ü, Γ ⊂ 2X ´σ-�ê.

ÎÒÿÝ

µ : Γ −−−−−−→ [−∞,∞)½(−∞,+∞]

µ(∅) = ∅

µ(
+∞⊔
k=1

Ak ) =
+∞∑
k=1
µ(Ak ).
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ÎÒÿÝ�~f1

�ÿ�m(X , Γ):

µ, ν´�ÿÝ,Ù¥��´k�ÿÝ =====⇒ µ − ν´ÎÒÿÝ
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ÎÒÿÝ�~f2
LebesgueÿÝ�m(Rn,L (Rn),m).

È©

∫
Rn

fdmk½Â
f±��∈ L 1

==========⇒ ν = fdm´ÎÒÿÝ

f = f+ − f− =====⇒ ν = ν+ − ν− = f+dm − f−dm

Rn = A+
⊔

A− = [f ⩾ 0]
⊔
[f < 0]

ν+ ⊥ ν− ⇐===⇒ ν+(A−) = 0, ν−(A+) = 0

�C�ÿÝ: |ν| = ν+ + ν− = |f |dm
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ÎÒÿÝ��ÜÚKÜ

�ÿ�m(X , Γ): ν´ÎÒÿÝ.

Jordan©): ν = ν+ − ν−, ν+ ⊥ ν−, ν±´�ÿÝ.

Hahn©): X = X+
⊔

X−, ν+(X−) = 0, ν−(X+) = 0

�C�ÿÝ: |ν| = ν+ + ν−

ÎÒÿÝ��ÜÚKÜ:

ν+(E) = ν(E ∩ X+) = sup
P⊂E
ν(P), ν−(E) = −ν(E∩X−) = sup

P⊂E
−ν(P)
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Hahn©)ÚJordan©)���5
ÿÝ�m(X , Γ, ν): ν´ÎÒÿÝ.

Jordan©): ∃!©)

ν = ν+ − ν−, ν+ ⊥ ν−, ν±´�ÿÝ

|ν| = ν+ + ν−

Hahn©):

X = X+

⊔
X−, ν+(X−) = 0, ν−(X+) = 0

X+,X−��|ν|-"ÿ8��
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�C�ÿÝ

|ν|(E) = sup

 n∑
k=1

|ν(Ek )| : E =
n⊔

k=1

Ek


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'uÎÒÿÝ�È©

∫
X

f dν :=
∫

X
f dν+ −

∫
X

f dν−, f ∈ L1(X , d|ν|)
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ÿÝ�ýéëY

ÿÝ�m(X , Γ,m): ν´ÎÒÿÝ.

ν ≪ m ⇐===⇒ “∀E ∈ Γ, m(E) = 0 =⇒ ν(E) = 0”

⇐===⇒ lim
m(E)→0

ν(E) = 0, ∀E ∈ Γ

⇐===⇒ |ν| ≪ m
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k�ÿÝ

�ÿ�m(X , Γ): ν´ÎÒÿÝ.

ν´k�ÿÝ
def
⇐==⇒ |ν(X)| < ∞ ⇐⇒ |ν(A)| < ∞, ∀A ∈ Γ.

y²: ν(X) = ν(A) + ν(Ac).

|ν(A)| = ∞ =⇒ |ν(X)| = ∞.
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SN2

EÿÝ
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EÿÝ

ÿÝ�m(X , Γ, µ), X´��8Ü, Γ ⊂ 2X ´σ-�ê.

µ : Γ −→ C´EÿÝµ

µ(∅) = 0

µ(
+∞⊔
k=1

Ak ) =
+∞∑
k=1
µ(Ak ) ýéÂñ
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EÿÝ�¢Ü!JÜ!�Ý!Âñ

ÿÝ�m(X , Γ), ν´EÿÝ

νr(A) := Re(ν(A)), νi(A) := Im(ν(A))

ν = νr + iνi = (ν+r − ν
−
r ) + i(ν+i − ν

−
i )

ν = νr − iνi

νn −→ ν
def

⇐===⇒ νn(A) −→ ν(A), ∀A ∈ Γ

EÿÝ34�$�eµ4
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EÿÝ��C�ÿÝ

�ÿ�m(X , Γ), ν´EÿÝ

�C�ÿÝ|ν|:

|ν|(E) = sup

 n∑
k=1

|ν(Ek )| : E =
n⊔

k=1

Ek


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ýéëYÿÝ��C�ÿÝ,¢Ü,JÜ

ÿÝ�m(X , Γ,m), h ∈ L 1(X ,m;C)

dν := h dm =====⇒ d|ν| = |h| dm

ν(E) =

∫
E

h dm, |ν|(E) =

∫
E
|h| dm

Reν(E) =

∫
E

Reh dm, Imν(E) =

∫
E

Imh dm
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ÛÉÿÝ½Â

�ÿ�m(X , Γ), µ, ν´EÿÝ

ν ⊥ µ ⇐===⇒ ∃¿©X = X+

⊔
X− : µ(X−) = 0, ν(X+) = 0

5P: µ(E) = µ(E ∩ X+), ν(E) = ν(E ∩ X−), ∀ E ∈ Γ
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ýéëYÿÝ½Â

�ÿ�m(X , Γ), m´�ÿÝ, ν´EÿÝ

ν ≪ m ⇐===⇒ “m(E) = 0 =⇒ ν(E) = 0”
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ýéëYÿÝÚÛÉÿÝ uü�4à

ÿÝ�m(X , Γ,m), m´�ÿÝ, ν´EÿÝ

ν ≪ m, ν ⊥ m ⇐===⇒ ν = 0

ÛÉÿÝ~f:

LebesgueÿÝ ⊥ DiracÿÝ£"òÿ¤,
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l�N��Ýw�EÿÝ

�ÿ�m(X , Γ)þEÿÝ�N�¤Banach�m

ÿÝ�m(X , Γ,m)þEÿÝ��ê:

∥ν∥ = |ν|(X) < ∞

A~: dν = h dm, h ∈ L 1(X , dm),

∥ν∥ = ∥h∥L1 < ∞
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Hahn©)½n

�ÿ�m(X , Γ), ν´¢ÿÝ

∃!(��"ÿ8)¿©X = X+
⊔

X− :

ν(E)


⩾ 0, if E ⊂ X+

⩽ 0, if E ⊂ X−.
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Hahn©)½n�~f

ÿÝ�m(X , Γ,m), h ∈ L 1(X , dm,R)

éu¢ÿÝdν = h dm, ∃!(��"ÿ8)¿©X = A+
⊔

A− :

A+ = {x ∈ X : h(x) ⩾ 0}, A− = {x ∈ X : h(x) < 0}

ν(E)


⩾ 0, if E ⊂ A+

⩽ 0, if E ⊂ A−.

?2R(¥I��)



Jordan©)½n

�ÿ�m(X , Γ)þ¢ÿÝµ, ∃!k��ÿÝ µ± :

µ = µ+ − µ−, µ+ ⊥ µ−

|µ| = µ+ + µ−
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Jordan©)äNL�ª

�ÿ�m(X , Γ)þ¢ÿÝµ

¢ÿÝµ�Hahn©) : X = X+

⊔
X−

µ+(E) = µ(E ∩ X+), µ−(E) = µ(E ∩ X−)
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Radon-Nikodym½n

σk�ÿÝ�m(X , Γ,m), ν´k�ÎÒÿÝ½EÿÝ

ν ≪ m
∃!h∈L1(X ,m)
⇐======⇒ dν = h dm.

5P: ν´k��ÿÝ =⇒ h ∈ L+ ∩ L1(X ,m)

5P: h¡�ÿÝν'uÿÝm�Radon-Nikodym�ê,P�

h =
dν
dm
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Lebesgue©)½n
�ÿ�m(X , Γ,m), ν´E(ÎÒ)ÿÝ, m, |ν|´σk�ÿÝ

∃!E(ÎÒ)ÿÝνa , νs :

a = absolutely continuous measure, s = singular measure

ν = νa + νs

νa ≪ m, |νs | ⊥ m

dνa = hdm (h±�� ∈ L1(X , dm))

5P: �ν´�ÿÝ�, νa , νs�´�ÿÝ.
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CantorÿÝ´ÛÉëYÿÝ
CantorÿÝ:

µ[a, b] = f(b) − f(a), f(
∞∑

n=1

2cn

3n ) =
∞∑

n=1

cn

2n , cn = 0, 1.

• µ([0, 1] \ C) = 0, µ(C) = 1:

µ(Cn \ Cn+1) = 0, µ(Cn) = 1

C = lim
n→∞

Cn, [0, 1] \ C =
∞⋃

n=1

Cn \ Cn+1.

• µ{x} = 0:

Cn \ Cn+1 =
2n⊔

k=1

Ik ,n, µ(Ik ,n) =
1
2n , diamIk =

1
3n .

∀x ∈ C =
∞⋂

n=1

Cn ==⇒ µ{x} ⩽ µ(Ik0,n)→ 0.
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ÿÝ©)

σk�ÿÝ�m(X , Γ,m). ∀ x ∈ X =⇒ {x} ∈ Γ.

ν´σk�ÿÝ =====⇒ ∃!©) :

ν = νc + νd = νac + νsc + νd

νac ≪ m, νsc ⊥ m, νd ⊥ m

5P: νd´lÑÿÝ: ∃�ê8K , νd(K c) = 0.

νc´ëYÿÝ: ∀ x ∈ X =⇒ ν({x}) = 0.

d=discrete, c=continuous

~X: LebesgueÿÝ,OêÿÝ.
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'uEÿÝ�È©

f ∈ L1(X , d|ν|)

∫
X

f dν :=
(∫

X
f dν+r −

∫
X

f dν−r

)
+ i

(∫
X

f dν+i −
∫

X
f dν−i

)

∣∣∣∣∣∫
X

f dν
∣∣∣∣∣ ⩽ ∫

X
|f | d|ν|,

∫
X

f dν =
∫

X
f dν

Lebesgue��Âñ½néuÎÒÿÝÚEÿÝ¤á

(ÎÒÿÝÚEÿÝ�©)��ÿÝ)
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RieszL«½n: ÿÝ´2Â¼ê; �EÿÝ��{

�X´ÛÜ;Hausdorff�m. éuCc(X)þ?¿�k.�5�¼

I : Cc(X) −→ R

(|I(f)| ≤ M∥f∥, f ⩾ 0 =⇒ I(f) ⩾ 0)

�3��XþRadon�ÿÝµ:

I(f) =
∫

X
f dµ.

5P: RieszL«½nL²dÈ©EÿÝ
í2
====⇒ DaniellÈ©
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EÿÝ´2Â¼ê

�X´ÛÜ;Hausdorff�m.

Cc(X)´Xþäk;|8�ëY¼ê�N.

M(X)´XþEÿÝ�N.

=⇒M(X) � Cc(X)∗ �åÓ�
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