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§3�È¼ê�%C

%C�°�: l5K�Ø5K,l{ü�E,.

¢ênØ Q −→ R

4�nØ ~�ê� −→ �Øõ~�ê�
ëY¼ê ~�¼ê −→ �Øõ~�¼ê
��¼ê �5¼ê −→ �Øõ�5¼ê
�©Æ õ�ª −→ Ð�¼ê
È©Æ �F¼ê −→ Riemann�È¼ê
¢©Û {ü¼ê −→ Lebesgue�È¼ê
�¼©Û 1w¼ê −→ 2Â¼ê

µe(�======Ø%(Ì�gñ)+$�(�ê!©Û)
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¯K{z

���/8(uAÏ�/:

f ∈ L1(E)
"*¿
⇐====⇒ fχE ∈ L1(Rn).
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1w¼ê�È�5½n

Theorem 1

äk;| �1w¼ê3L1(Rn)È�.

Q : R = C∞0 (Rn) : L1(Rn).
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1w¼ê�È�5½n

È�5�n«�d£ã:

L1(Rn)
ÿÀL�
========= C∞0 (Rn)

L1

f ∈ L1(Rn)
4�L�
⇐======⇒ ∃äk;| �1w¼ê�gk

L1

−−−→
a.e.

f

f ∈ L1(Rn)
%CL�
⇐======⇒
Ð+�

∀ ϵ > 0,∃©)

f = g + h, g ∈ C∞0 (Rn), ∥h∥L1(Rn) < ϵ.
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y²: (1) L1(Rn)
Ã¡�:?È©ýéëY5
======================⇒

K´4¥, f = fχK + fχ
Rn\K

8(uL1(K).

(2) L1(K)8(u;8þ{ü¼ê.

φk → f , |φk | ⩽ |f |
��Âñ
=======⇒ φk

L1

−−→ f .

(3);8þ{ü¼ê∈ L∞(K)
Lusin
===⇒äk;| �1w¼ê.

∃Kϵ , ∃g ∈ C∞c (Rn) : m(K \ Kϵ) < ϵ, f = g on Kϵ .
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(4)äk;| �1w¼ê==⇒��ëY==⇒�Øõ�F¼ê.

(5)�L1Âñ
ChebyshevØ�ª
==============⇒�ÿÝÂñ

Riesz½n
========⇒ ∃f�a.e. Âñ
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ChebyshevØ�ª

ChebyshevØ�ª

f ∈ L1(Rn) =====⇒

∫
Rn
|f(x)|dx ⩾

∫
[|f |⩾ϵ]

|f(x)|dx ⩾ ϵm([|f | ⩾ ϵ]).

m([|f | ⩾ ϵ]) =
∫
[|f |⩾ϵ]

dx ⩽
∫
[|f |⩾ϵ]

|f(x)|
ϵ

dx ⩽
∫
Rn

|f(x)|
ϵ

dx =
1
ϵ
∥f∥L1(Rn)
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L1Âñ%¹�ÿÝÂñ:

fk
L1

−−→ f

Chebyshev
======⇒ m([|fk − f | ⩾ ϵ]) ⩽

1
ϵ

∫
Rn
|fk (x) − f(x)|dx

k→∞
−−−−−−−→
ϵ fixed

0

======⇒ fk
m
−−→ f
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È�5�A^: È©�²þëY5

�È¼ê3L1�êeëY

lim
h→0

∥∥∥∥f(x + h) − f(x)
∥∥∥∥

L1(Rn)

f∈L1(Rn)
======= 0.
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y²: ∀ϵ > 0,∃Ð+�©),

f = f1 + f2, f1 ∈ C∞c (Rn), ∥f2∥L1(Rn) <
ϵ

4
.

=⇒ ∥f(x + h) − f(x)∥L1(Rn) <
ϵ

2
+ 2∥f2∥L1(Rn) < ϵ.
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�F¼ê�È�5½n

Theorem 2

äk;| ��F¼ê3L1(Rn)È�.
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Riemann-LebesgueÚn

�∥gn∥L∞[a,b] ⩽ 1. Ke��d:

lim
n→∞

∫ b

a
f(x)gn(x)dx = 0, f ∈ L1[a, b];

⇐⇒ lim
n→∞

∫ b

a
f(x)gn(x)dx = 0, f ∈ χ[a,c],∀c ∈ [a, b].
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Riemann-LebesgueÚnY

y²: Γ :=
{
f ∈ L1[a, b] : lim

n→∞

∫ b

a
f(x)gn(x)dx = 0

}

Γ ⊃ {�F¼ê} =====⇒ Γ ⊃ L1[a, b]
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Riemann-LebesgueÚnY

Γ ∋ f = f1 + f2, f1�F¼ê, f2�(È©¿Âe)

=⇒

∫ b

a
fgn =

∫ b

a
f1gn +

∫ b

a
f2gn

=⇒ m1
b�
−−−−−→ 0, m2

gn��k., f2�
============== o(1).
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�;Riemann-LebesgueÚn

�;�Riemann-LebesgueÚn

lim
n→∞

∫ 2π

0
f(x) sin(nx)dx

f ∈ L1[0, 2π]
=========== 0;

lim
n→∞

∫ 2π

0
f(x) cos(nx)dx

f ∈ L1[0, 2π]
=========== 0.
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~K

~K:

lim
h→0

m(E ∩ (h + E))
E ⊂ Rn�ÿ
========== m(E).
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~KY

y²: �/1: m(E) < +∞. (=⇒ χE ∈ L1).

|m(E ∩ (h + E)) −m(E)| =

∣∣∣∣∣∫
Rn
χE∩(h+E)dm −

∫
Rn
χEdm

∣∣∣∣∣
⩽

∫
Rn

∣∣∣∣χEχh+E − χEχE

∣∣∣∣dm

⩽ ∥χh+E − χE∥L1

−−→ 0.
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~KY

�/2: m(E) = +∞: -Ek = E ∩ B(0, k)

lim
h→0

m(E ∩ (h + E)) ⩾ lim
h→0

m(Ek ∩ (h + Ek ))

== m(Ek ) (�/1)

−→ m(E) = ∞.
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§4 LebesgueÈ©�RiemannÈ©�'X

LebesgueÈ©´RiemannÈ©�í2:

R[a, b] ⊂ L1[a, b], �È©��Ó:

(R)

∫ b

a
f(x)dx

∀f∈R[a,b]
=======

∫
[a,b]

f(x)dm(x).
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y²: f ∈ R[a, b]
f a.e.ëY =⇒ f�ÿ

=================⇒
fk. =⇒ f ∈ L∞[a, b]

f ∈ L1[a, b].
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y²: �üNªu"�©�:

π(n) : a = x(n)
0 < x(n)

1 < · · · < x(n)
kn

= b ,

M(n)
i ,m

(n)
i ©O´f3«m[x(n)

i−1 , x
(n)
i ]�þ(.Úe(.
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∫
[a,b]

f(x)dm(x) =
kn∑

i=1

∫
[x(n)

i−1 ,x
(n)
i ]

f(x)dm(x)

=⇒
kn∑

i=1

m(n)
i (x(n)

i − x(n)
i−1) ⩽

∫
[a,b]

f(x)dm(x) ⩽
kn∑

i=1

M(n)
i (x(n)

i − x(n)
i−1)

n→∞
===⇒

∫ b

a

f(x)dx ⩽
∫
[a,b]

f(x)dm(x) ⩽
∫ b

a
f(x)dx

f∈R[a,b]
=====⇒nö�Ó.
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2ÂRiemannÈ©

�Ek ↗ E, f ∈ L1(Ek ),K

f ∈ L1(E) ⇐⇒ lim
k→∞

∫
Ek

|f(x)|dx�3�k�

=⇒

∫
E

f(x)dx = lim
k→∞

∫
Ek

f(x)dx.

?2R(¥I��)



Y

y²: f3Ek (∀k)�ÿ=⇒ f�ÿ=⇒ |f |3EþÈ©k½Â,
�

∫
E
|f(x)|dx üNÂñ

========= lim
k→∞

∫
Ek

|f(x)|dx.

======⇒ (Ø1¤á.

(Ø2´Lebesgue��Âñ½n���íØ.
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üNÂñ½n,��Âñ½néÜ¦^

üNÂñ½n=====⇒�È5

��Âñ½n=====⇒O�È©
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2ÂRiemannÈ©

�f ∈ R[0, b] (∀b > 0),K

f ∈ L1[0,+∞) ⇐⇒ lim
b→+∞

∫ b

0
|f(x)|dx�3�k�

⇐⇒ |f | ∈ R[0,+∞)

⇐⇒ f ∈ R[0,+∞), |f | ∈ R[0,+∞)

=⇒

∫ +∞

0
f(x)dm(x) = (R)

∫ +∞

0
f(x)dx

LebesgueÈ© 2ÂRiemannÈ©
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2ÂRiemannÈ©

y²µf ∈ L1[0,+∞)
CauchyOK
=========⇒ |f | ∈ R[0,+∞)

f a.e.ëY
========⇒ f ∈ R[0,+∞).
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ýéÂñ�2ÂRiemannÈ©�À�LebesgueÈ©.

2ÂRiemann�È⇏ Lebesgue�È

∞∑
n=1

(−1)n

n
χ(n,n+1] ∈ R[0,+∞) \ L1[0,+∞).
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