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§5 Fubini½n

Tonelli½n (­È©z�\gÈ©):

f ∈ L+(Rn+m) =⇒

∫
Rn+m

f(x, y)dxdy =

∫
Rn

( ∫
Rm

f(x, y)dy
)
dx.
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5P

5P1:

f ∈ L+(Rn+m) =====⇒

∫
Rm

f(x, y)dy ∈ L+(Rn)

=====⇒ f(x, ·) ∈ L+(Rm) a.e. x ∈ Rn.
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5PY

Tonelli½néue�¼ê¤á:

f |Rn+m\({0}×Rm) = 0

f(0, ·)3RmþØ�ÿ

Tonelli½n¤á�¼ê,Ù3R��¡þ�5��Ué�.
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�E8Ü

Γ =
{
f ∈ L(Rn+m) : f÷vn^5�

}

5�1.
∫
Rn+m

f(x, y)dxdy =

∫
Rn

( ∫
Rm

f(x, y)dy
)
dx.

5�2.
∫
Rm

f(x, y)dy ∈ L(Rn)

5�3. f(x, ·) ∈ L(Rm) a.e. x ∈ Rn.
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ý�Ún

e�5�¤á:

Γ ∩ L+´I (é\{Ú'u�Kê�¦{µ4)

Γ ∩ L1´�þ�m (Γ´�þ�m)

Γ ∋ fn ↗ f
fn ,f∈L+

====⇒ f ∈ Γ

Γ ∋ fn ↘ f
fn ,f∈L1

====⇒ f ∈ Γ
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ý�Únã«

Γ ∩ L+ I 'u↗ limµ4(3L+�µeS)

Γ ∩ L1 �þ�m 'u↘ limµ4(3L1�µeS)
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ý�ÚnY

y²:

Γ��: 0 ∈ Γ.

Γ'u�ê$��µ45w,.
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ý�ÚnY

Γ'u4�$��µ45:

(1)5güNÂñ½n.

(2)¿�X

Γ ∩ L1 ∋ fn ↘ f ∈ L1 =⇒ f ∈ Γ ∩ L1.

=z��/�: f1 − fn ↗ f1 − f
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Tonelli½n�y²

|^IOoÚ½:

χE
S+

−−−−−→
+,·,lim

L+

χE ∈ Γ
ý�Ún

==========⇒
(∀E⊂Rn+m�ÿ)

L+(Rn+m) ⊂ Γ
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χE ∈ ΓÊ«�/

ÝN:

E = I × J, I ⊂ Rn, J ⊂ Rm, I, J´ÝN.

5�(1)¥�È©�� = |I| |J|.
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Ê«�/Y

m8:

E �?�¿©
==========

⊔
��

Ik , Ik ´ÝN.

χE =
∑
��

χIk
∈ Γ ∩ L+ ⊂ Γ.
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Ê«�/Y

;8:

B(0,R) = E
⊔ m8︷             ︸︸             ︷

(Ec ∩ B(0,R)), R ≫ 1

ý�Ún
=======⇒ χE = χB(0,R)

− χEc∩B(0,R)
∈ Γ ∩ L1 ⊂ Γ.
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Ê«�/(Y)

"ÿ8E:

∃m8Gk ⊃ E : lim
k→∞

m(Gk ) = m(E) = 0

=======⇒ ��Gk ↓, m(G1) < +∞

=======⇒ H =
∞⋂

k=1

Gk´E��ÿ�

ý�Ún
=======⇒

Gk∈Γ∩L1
χH ∈ Γ ∩ L1 ⊂ Γ.
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Ê«�/(Y)

0 = m(E) = m(H)
χH∈Γ
====

∫
Rn

( ∫
Rm
χH(x, y)dy

)
dx

=====⇒

∫
Rm
χH(x, y)dy a.e.

==== 0

χH
a.e.
==== 0
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Ê«�/(Y)

χH ∈ Γ, χH
a.e.
==== 0 =====⇒ χE ∈ Γ
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Ê«�/(Y)

�ÿ8E:

E =
∞⋃

k=1

Fk

⊔
Z , ;8Fk ↑⊂ R

n+m, m(Z) = 0.

=⇒ χE = χZ + lim
k→∞
χFk
⊂ Γ ∩ L+ ⊂ Γ.
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Fubini-Tonelli½n

Theorem 1 (Fubini-Tonelli½n)

�f ∈ L+(Rn+m) ∪ L1(Rn+m),K∫
Rn+m

f(x, y)dxdy =

∫
Rn

( ∫
Rm

f(x, y)dy
)
dx.
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Fubini-Tonelli½nY

5P

f ∈ L1(Rn+m) =⇒ f(x, ·) ∈ L1(Rm) a.e. x ∈ Rn

=⇒ f(x, ·) a.e.�ÿ, a.e.k�.

f ∈ L+(Rn+m) =⇒ f(x, ·) ∈ L+(Rm) a.e. x ∈ Rn

=⇒ f(x, ·) a.e.�ÿ.
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Fubini-Tonelli½nY

y²: f ∈ L1(Rn+m)
Tonelli

=======⇒ f = f+ − f−, f± ∈ Γ ∩ L1

ý�Ún
=======⇒ f ∈ Γ ∩ L1 ⊂ Γ.
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'uFubini-Tonelli½nA^�5P

Fubini-Tonelli½nA^�üÜ­:

Tonelli½n�yf�È5.

∫
Rn+m
|f(x, y)|dxdy =

∫
Rn

( ∫
Rm
|f(x, y)|dy

)
dx < +∞ =⇒ f ∈ L1.

Fubini½nO�fÈ©�.

f ∈ L1 =⇒

∫
Rn+m

f(x, y)dxdy =

∫
Rn

( ∫
Rm

f(x, y)dy
)
dx.
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Fubini½néue�¼êØ¤á:

f(x, y) =
x2 − y2

(x2 + y2)2 , (x, y) ∈ (0, 1] × (0, 1].
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y²:

∫ 1

0

1
x2 + a2 dx =

x
x2 + a2

∣∣∣∣∣1
0
+

∫ 1

0

2x2

(x2 + a2)2 dx

£�Ï©
=======⇒

∫ 1

0

x2 − a2

(x2 + a2)2 dx = −
1

1 + a2
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∫ 1

0

( ∫ 1

0

x2 − y2

(x2 + y2)2 dx
)
dy =

∫ 1

0
−

1
1 + y2 dy = −

π

4
,

∫ 1

0

( ∫ 1

0

x2 − y2

(x2 + y2)2 dy
)
dx =

∫ 1

0

1
1 + x2 dx =

π

4
.
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~KY

∫ 1

0

( ∫ 1

0

x2 − y2

(x2 + y2)2 dx
)
dy ,

∫ 1

0

( ∫ 1

0

x2 − y2

(x2 + y2)2 dy
)
dx

∫ 1

0

∫ 1

0
|f(x, y)|dxdx = +∞.
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��È©gS�Ê��d½n

ÿÝ�σ�\5�du:

Levi L+ fn ↑ f
fn∈L+

===⇒

∫
fn ↑
∫

f

Fatou L+

∫
lim fn

fn∈L+

⩽ lim

∫
fn

Lebesgue L1 fn
a.e.
−−−→ f

|fn |⩽g∈L1

=====⇒
fn�ÿ

fn
L1

−−→ f ,
∫

fn −→
∫

f

Fubini L+ ∪ L1
∫
Rn+m

f f∈L+∪L1

=======

∫
Rn

( ∫
Rm

f(x, y)dm(y)
)
dm(x).
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�f ∈ L1(R),�

∫
R

f(x)φ(x)dx = 0, ∀ φ(x) ∈ L∞(R).

y²: f a.e.
==== 0
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y²

∫
E

f(x)dx = 0, ∀ m(E) < ∞.

�E = [−R ,R] ∩ [f ⩾ 0] =====⇒ f |[−R ,R]∩[f⩾0]
a.e.
==== 0

�E = [−R ,R] ∩ [f < 0] =====⇒ f |[−R ,R]∩[f<0]
a.e.
==== 0
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