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Ä�È©nØ¥�Fubini½n

Theorem 1 (Fubini½n)

�(X , ΓX , µ), (X , ΓY , ν)´σk��ÿÝ�m,

f ∈ L+(X × Y) ∪ L1(X × Y , µ × ν).

K ∫
X×Y

f dµ × ν =

∫
X

( ∫
Y

f(x, y)dν(y)
)
dµ(x)

=

∫
Y

( ∫
X

f(x, y)dµ(x)
)
dν(y).
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Fubini-Tonelli½nY
5P

f ∈ L1(X × Y , µ × ν)

=====⇒ f(x, ·) ∈ L1(Y) (µ − a.e. x ∈ X)

=====⇒ f(x, ·) �ÿ (µ − a.e. x ∈ X)

=====⇒ f(x, y) k� (µ − a.e. x ∈ X , ν − a.e. y ∈ Y)
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Fubini-Tonelli½nY

5P

f ∈ L+(X × Y , µ × ν) =⇒ f(x, ·) ∈ L+(Y) µ − a.e. x ∈ X
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¦ÈÿÝ�m

¦ÈÿÝ�m

(X × Y , ΓX×Y , µ × ν)
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¦ÈÿÝ�mσ�ê

ΓX×Y ´Γx × ΓY)¤���σ�ê.
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¦ÈÿÝ�m�¦ÈÿÝ

¦ÈÿÝ´dCaratheodory�EÑ�ÿÝ,§�Ñu:´

µ × ν(A × B) = µ(A) × ν(B),

§�½Â�Γ̂X×Y :

Γ̂X×Y ⊃ ΓX×Y , \\¤k�"ÿ8�f8
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¦ÈÿÝ�m

¦ÈÿÝ�m(X × Y , Γ̂X×Y , µ × ν)´��ÿÝ�m

(X × Y , ΓX×Y , µ × ν)�U���.

e(X , ΓX , µ), (X , ΓY , ν)´σk�ÿÝ�m,

K(X × Y , ΓX×Y , µ × ν)´σk�ÿÝ�m.
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Å�È©½n: OêÿÝ

�OêÿÝν:

Fubini½n ======Å�È©½n ======ÿÝσ�\5

====== LeviüNÂñ½n

====== Lebesgue��Âñ½n
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Å�È©½n�^�

(X , ΓX , µ)´σk�ÿÝ�m.

f(x, n) := fn(x)

• f(x, n) ∈ L+(X × N)⇐===⇒ fn ∈ L+(E).

• f(x, n) ∈ L1(X × N, µ × ν)⇐===⇒
∞∑

n=1

∫
X
|fn(x)|dµ(x) < +∞
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5P

ê� ====== ¼ê (�ê,p��)

?ê(4�) ====== È© (lÑÿÝ)

Levi = Lebesgue = Fubini =��È©gS
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Å�È©½n

Theorem 2 (Å�È©½n)

(X , ΓX , µ)´σk�ÿÝ�m.

fn(x) =: f(x, n) ∈ L+ ∪ L1(X × N, µ × ν))

=====⇒

∫
X

∞∑
n=1

fn(x)dµ(x) =
∞∑

n=1

∫
X

fn(x)dµ(x).
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��È©gS�Ê��d½n

ÿÝ�σ�\5�du:

Levi L+ fn ↑ f
fn∈L+

===⇒
∫

fn ↑
∫

f

Fatou L+
∫
lim fn

fn∈L+

⩽ lim
∫

fn

Lebesgue L1 fn
a.e.
−−−→ f

|fn |⩽g∈L1

=====⇒
fn�ÿ

fn
L1

−−→ f ,
∫

fn ↑
∫

f

Fubini L+ ∪ L1
∫

X×Y f f∈L+∪L1

=======
∫

X

( ∫
Y f(x, y)dν(y)

)
dµ(x).
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ýéëYÿÝ�x

Radon-Nikodym½n

�ν, µ´�ÿ�m(X , Γ)ÿÝ, νk�, µ´σk�,K

ν ≪ µ ⇐⇒ dν = fdµ (∃f ∈ L+ ∩ L1(X , µ))

=ν(A) =

∫
A

dν =
∫

A
fdµ, ∀A ∈ Γ.

Radon-Nikodym½n�x: =
ÿÝ��þÒ´¼ê?
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Ä�È©´p��ÿÝ

Theorem 3

mn+1(U(f)) =
∫

E
f(x)dm(x) =

∫ ∞
0

m
{
x ∈ E : t < f(x)

}
dt

f ∈ L +(E), f�ã/�e�

U(f) =
{
(x, t) ∈ E × [0,+∞) : 0 ⩽ t < f(x)

}

È©´­>F/�¡È.

��¡È=�×° =

ã/e��Ý︷                   ︸︸                   ︷
m
{
x ∈ E : t < f(x)

}
dt
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È©´p��ÿÝY

y²: ã/e�´�ÿ8(f�Kk.):

U(f) = lim
k→∞

22k⊔
j=1

(
f−1[

j − 1
2k
,

j
2k

) × [0,
j

2k
)
)
.

�s©�

?2R(¥I��)



È©´p��ÿÝY

mn+1(U(f)) =

∫
E×(0,+∞)

χU(f)(x, t)dmn(x)dt

=

∫
E

( ∫ +∞

0
χU(f)(x, t)dt

)
dmn(x)

=

∫
E

∫ f(x)

0
dtdmn(x)

=

∫
E

f(x)dmn(x)

=

∫ ∞
0

( ∫
E
χU(f)(x, t)dmn(x)

)
dt

=

∫ ∞
0

m
{
x ∈ E : t < f(x)

}
dt
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È©´p��ÿÝ

Theorem 4

(µ ×m)(U(f)) =
∫

X
f(x)dµ(x) =

∫ ∞
0
µ
{
x ∈ X : t < f(x)

}
dm(t)

ÿÝ�m(X , Γ, µ), BorelÿÝ�m(R,B(R),m)

f ∈ L +(X), f�ã/�e�

U(f) =
{
(x, t) ∈ X × [0,+∞) : t < f(x)

}
È©´­>F/�¡È.

��¡È=�×° =

ã/e�Y²8�Ý︷                  ︸︸                  ︷
µ
{
x ∈ X : t < f(x)

}
dt
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{¡Èúª

Theorem 5

b�f ∈ C1(Rn,R), g ∈ C(Rn,R). K∫
Rn

g(x)|∇f(x)|dx =

∫
R

∫
f−1(r)

g(x)dσ(x)dr .
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{¡Èúª

Y²8f(x) = r :

��m´n − 1��(éua.e.r , Sard½n)§{�þ� f(x)
|f(x)| .

b�x03Y²8f(x) = rþ§÷X{�þ£Äåldh,K

x − x0 =
∇f(x0)

|∇f(x0)|
dh

�A�¼ê�UCþ

∆r = f(x)−f(x0) = ∇f(x0)(x−x0)+· · · = |∇f(x0)|dh+O(∆h2)

dt = |∇f(x0)|dh

ü«�I: dx, (dh, ds). ��m¡È�� ds = dσ(s), Rn

þ�NÈ�
dx = dhds = |∇f(x0)|

−1drds

|∇f(x0)|dx = drds
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4�IÈ©úª

Theorem 6

b�g ∈ C(Rn,R). K∫
Rn

g(x)dx =

∫ ∞
0

∫
|x |=t

g(s)dσ(s)dt .

f(x) = |x | =====⇒ ∇f(x) =
x
|x |

=====⇒ |∇f(x)| = 1.

4�Iµ x = rθ, θ ∈ Sn−1.

NÈ�µ dx = rn−1drdθ = rn−1drdσ, dσ´¡È�

∫
Rn

g(x)dx =

∫ ∞
0

∫
Sn−1

g(rθ)dθdr .
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VitaliCX

VitaliCX´©Û�Ãâ
:

Ã¡
=z�
=====⇒��!k�

A^µ

�ê
=z�
=====⇒�û
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VitaliCX�½Â

E ⊂ R, Γ´E�VitaliCX

Γ´E�CX

Γ =�òz�4«mx

z:?Ã¡��gCX:

∀ x ∈ E, inf
{
|I| : x ∈ I ∈ Γ

}
= 0
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VitaliCX½n

Theorem 7 (VitaliCX½n)

E ⊂ R, m∗(E) < ∞, Γ´E�VitaliCX.

======⇒ E ⊂
∞⊔

j=1

Ij ⊔ Z (∃Ij ∈ Γ,m(
∞⊔

j=1

Ij) < ∞, m(Z) = 0)

ÅgÂ�
⇐======⇒ ∀ϵ > 0, E ⊂

n(ϵ)⊔
j=1

Ij ⊔ Eϵ (∃Ij ∈ Γ, m(Eϵ) < ϵ.)
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VitaliCX½n5P

VitaliCX½n3Rn¥¤á:

4«m −→ 4¥

|I| −→ 4¥�».
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VitaliCX½n�y²

�»��ÿÝk�m8. Ø��

E ⊂ G ⊂ R, m(G) < +∞, I ⊂ G(Vitali) (∀ I ∈ Γ).
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Y

8BÀ�:

�®À�I1, . . . , In ∈ ΓpØ��

=⇒ À�I1, . . . , In+1 ∈ ΓpØ��
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Y

�8�{(zÚJ`):

��E \
n⊔

j=1

Ij , ∅

δn = sup
{
|I| : I ∈ Γ, I�I1, . . . , InpØ��

}
|I|⩽m(G)<∞
=======⇒ δn ∈ (0,+∞)

=======⇒ À�In+1 : |In+1| >
δn
2
.
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VitaliCX½n�y²Y

b�þãL§��UYe�:

�3pØ�����Ij ∈ Γ,÷v

∞∑
k=1

|Ik | ⩽ m(G) < +∞ =====⇒ |Ik | → 0
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VitaliCX½n�y²Y

äó:

∀ϵ > 0, ∃N ∈ N :

E \
N⊔

k=1

Ik ⊂
∞⋃

k=N+1

5Ik
∞∑

k=N+1

|Ik | <
ϵ

5
.

PÒ: 5I�IÓ%, |5I| = 5|I|
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VitaliCX½n�y²Y

|^äóy²½n:

m(E \
∞⊔

k=1

Ik ) ⩽ m(E \
N⊔

k=1

Ik ) < ϵ.
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Y

äó�y²:

��y²: E \
N⊔

k=1

Ik ⊂
∞⊔

k=N+1

5Ik , ∀N ∈ N.

∀ x ∈ E \
N⊔

k=1

Ik
∃I
==⇒ x ∈ I ∈ Γ,

I ∩
N⊔

k=1

Ik = ∅

I ∩
∞⊔

k=1

Ik , ∅

ÄK|I| ⩽ δk ⩽ 2|Ik+1| −→ 0.
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I�I1, . . . IN , . . . In0−1Ø��, I�In0��

n0 > N, |I| ⩽ δn0−1 < 2|In0 |.

x ∈ Γ =====⇒ x ∈ 5In0 , äó¤á.
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