o IMFRIA N IR FHIFubiniEIE

o VitaliB = EIE
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MR T3 IE i PRI Fubini EIE

Theorem 1 (Fubini EIE)
WX, Tx, 1), (X,Ty,v)RoBRIEMEZ8),

felT™(XxY)UL' (XX Y,uxv).

)

foyfd“ V= fx( fy f(x. y)dv(y))du(x)
- fy( fx f(x. y)du(x))dv(y).
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Fubini-Tonelli E TR 4L

o it

fel'(XxY,uxv)
—— f(x,-) el (Y) (u-ae xeX)
— f(x,-) AWM  (u-a.e xeX)

= f(x,y) BBR (u-ae xeX, v-ae yeY)
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Fubini-Tonelli E TR 4L

e ;Fid

felT(XxY,uxv) = f(x,-)eL™(Y) pu-aexeX
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e R == (8]

o FANMEZH]

(X X Y, rXXy, u X V)
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Fe AR == [Blo X

@ Mxxy =&lx x Ty RN E.
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e AR B == (B Y e AR &

o FFANIE 2 Caratheodory# & HAVNE, EMH A =2

uxv(AxB)=pu(A)xv(B),

o TEHIE XIHT xxy:

[xxy O Mxxys TN BRENER T
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e R == (8]

o FALMEEZE(X x Y, [xxy. u X v) BFE& N EZ=[E]

0 (XX Y, Txxy,uxv)A8EIETER.

o H(X.Tx,p), (X,Ty,v)RoBMRMESE],

T(X X Y, Txxy, pu % v) o B BRI E 28],
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BRINFR T EIE: THEUNE

o HUTHHUMEY:

Fubini €1 ——— BMADEE T FE o /] fntE

Levi B iFUS S E T8

Lebesgue & I8 E 38
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ERINFR 5T E IR SR

(X, Tx, u) B BRRNE=E.

f(x,n) := fo(x)
e f(x,n) e LT(XxN) &= f, e LY(E).

o f(x,n)eL'(XXN,uxv) e—= i j); Ifa(x)ldu(x) < oo
n=1
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B —— EH (B
FHIRR) —— R (BEHNE)

Levi = Lebesgue = Fubini = 3Z3F3 45 )R F

Er-@(FERX)



FIR S EIE

Theorem 2 (ZRIF 7 EIE)
(X rx /l)IEO’ﬁBE/y"“; IETJ

fo(x) =: f(x,n) e LT UL (X x N, u x v))

fi:] X)du(x fon )dl(x

.
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IR IRFR BN Fi eI

MER oA IMMEFNT:

Levi L+ 1 F 22 (1,7 [F
Fatou L+ [ lim £, " lim [ fa
Lebesgue LT f, 2%, f% f. N f,[fa? [f
fo AT
Fubini | LT ULT | [ f 222 [ ([ f(x, y)av(y))du(x).
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LB XN E 2

@ Radon-Nikodym EIE
Wy, p M= E)(X, TE, vBIR, u2oBR, M

v<u & dv="fdu (AfelLtnL'(X,u))

Hlv(A fdv—ffd,u, YA eT.

@ Radon-Nikodym EI2 %I HRLE M A By 52 ok 32
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MRIA 7 = SR E

Mn1(U(f)) = fE f(x)dm(x) = fo mm{er:t<f(X)}dt

o fe¥N(E), MIBERKTA

u(f) = {(x, t)e Ex[0,+):0<t< f(x)}

o FMANEHIAEHAIER.

ERTAEKE
MITER= KX 5 = m{x €eE:t< f(x)}dt
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IERR: ERTARAME(FERER):

22k

U(’):JL”; ( 1[ ok ’2k) [0’21_.k))‘

BRENE
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TR 50 =2 = HE R R 48

s (U) = [ g Dam(x
_ j; ( fo - Xy t)dt)dmn(x)
£(x)
= ff dtdmp(x)
E JO
= ff(x)dm,,(x)
E

— fom(ﬁ/\(u(f)(x, t)dmn(x))dt

= f m{xe E:t< f(x)}dt
0



(ux m)(U(f)) = fx f(x)du(x) = fo ) u{x € X : t < f(x)}dm(t)

o MEZE(X,T,u), BorelMEZE(R,Z(R),m)
o fe ZT(X), MEFHTA

u(f) = {(x, t)e X x[0,4):t< f(x)}

o MRt AIER
B THKEEKE
T E= Kx 3 = {x eX:t< f(x)} dt

Er-@(FERX)




FHERLN

BRigf € C'(R", R). M

g(x)IVF(x |dx_ff x)do(x)dr.
R" f‘(r

R), g€ C(R",
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FHERLN

o KFELEf(x) =
YA R0 - 148 Faer, SardEi), sAmER .
o BifxoTEkFHES(x) = rk, BEEREHHESN, W

X — X0 — Vi(xo)
IV£(xo)]
o NIRRT E
Ar = f(x)=f(x0) = Vf(xo)(x Xo)+--- = |Vf(xo)ldh+O(Ah?)
= |[Vf(xo)ldh
o FFPLLFR:  dx, (dh, ds). PI=EEFRMIT ds = do(s), R"

R
dx = dhds = |Vf(xo)|™ ' drds

[Vf(xo)ldx = drds



RAFRFR T 2T

Theorem 6

&g € C(R",R). NI

fRn g(x)ax = fow flx . g(s)do(s)at.

(X) = Xl ———= Vi(X) = ~ ——— [Vf(x)|=1.

x|

HRALFR: X = ro, fe S,

AFATT : dx = r"'drdg = r"'drdo,  doRREFATT

g(x)dx = f g(re)dédr.
RN 0 gn-1
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Vitali B =
o Vit BEESHHERTD:

x5 adi2e — "5l B

sy FHA, oo
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VitaliZB ZEHIE X
ECR, r2EfVitaliB=
o TEEWME=
o I =3FFRUKAIAXEiE

° BRAXFNMNERESE:

V x eE, inf{lll: xeler}:O
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VitaliZ =1

Theorem 7 (VitaliZ 5 EIE)
EcR, m*(E) <o, T RERVitaliBZ.

|:8

———FEc| |[fuz @jerm(
=1 i

}) < o, m(Z) = 0)

1

ST N | n(e
BERER Ec|_|/,uE @hel, m(E)<e)
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Vitali B EEIE;Fid

o VitaliBE EIEAER"HALIL:
#AXE — #HBk

Il — HAEREE.
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Vitali7® 3 EIEAYIERR

o FHEUAMERRIE. AR

Ec GcR, m(G) < +oo, I ¢ G(Vitali) (VIel).
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o JALMIEEN:

WEIER, ..., |, e TEAREZ

—_— ﬂEth Sy In+1 € r-_ELZ:*HE‘E
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ARE\| |0
j=1

On = sup{lll s leT, I511,...,IHEZ:$E$_E}

I<m(G)<eo
<m(G)< 5. € (O, —|—oo)
: n
> ﬁERII’H-'I . |In+1| > E
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Vitali?& & EIEAYIERR 4L

o Rig ERTIE—HMETX:

BEETHEZTTIN, < T, R

Z Ikl < M(G) < 400 ——= || > 0
k=1
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Vitali?& & EIEAYIERR 4L

=

Ye>0, dINeN:

51| = 5|

o ig5: s5I5IEWLD,



Vitali?& & EIEAYIERR 4L

o FAETSIERAETE:

IIZ
7
m

GGQINEE

ES
I
N
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W S AYIERA:

(o)

N
HEEFRR: E\I_Ilkc |_| 5, VYNeN.
k=1 k=N+1

Ell

N
Ver\LIIk — xelel,
k=1

k=1

Iﬂlil/k¢0
k=1

B < 6k < 2|lk41] — 0.
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o I'—?I1,...IN,...InO_1Z:1:E§, I’—ﬁ’no*ﬁfé

@ o >N, || <Ony—1 < 2|yl

@ xel = xeb5l,, EEMI.
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