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©Ù¼ê

E ⊂ RnLebesgue�ÿ.

f ∈ L (E), g := |f |

ã/e��Y²�¡(Y²�¡á3­>F/�Ü©)

{(x, t0) : x ∈ E, t0 < g(x)}, Ù¥t0 ∈ [0,∞)�½.

Y²�¡�ÿÝ

m({x ∈ E : t0 < g(x)}) = m(g−1(t0,+∞))
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©Ù¼êY

f�©Ù¼ê

f∗(t) := m{x ∈ E : t < |f(x)|}
g=|f |
==== m(g−1(t ,+∞))

AÛ¿Â:

|f |ã/e��Y²�¡�ÿÝÒ´©Ù¼êf∗(t)

ÿÝØ¥,¼ê�/ �©Ù¼ê��.
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©Ù¼ê3È©¥��^: �sL«

∫
E
|f(x)|dx

f�ã/�e��¡È
==================

|^��{

∫ +∞

0
f∗(t)dt
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È©��sL«

∫
E
|f(x)|p dx

f∈L (E)
======
p∈[1,∞)

∫ +∞

0
ptp−1f∗(t)dt
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©Ù¼ê�È©L«

|f |�ã/e�:

U(f) =
{
(x, t) ∈ E × [0,+∞] : t < |f(x)|

}

©Ù¼ê�È©L«

f∗(t) =
∫

E
χU(f)(x, t)dx
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È©��sL«y²

∫
E
|f(x)|p dx ======

∫
E

dx
∫ |f(x)|

0
ptp−1dt

======

∫
E

dx
∫ +∞

0
ptp−1χU(f)(x, t)dt

Fubini
=====

∫ +∞

0
ptp−1dt

∫
E
χU(f)(x, t)dx

======

∫ +∞

0
ptp−1f∗(t)dt
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©Ù¼êo(

Ä�È© RiemannÈ©

Ä�¼êf(x) äN¼êf∗(t)

Ä�È©
©Ù¼ê

===========⇒
äNz�xù

RiemannÈ©
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�ÙØ%SN: �È©Ä�½n

C[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

C1[a, b]/R £V�¤

L1[a, b]/ ∼

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

AC[a, b]/R £V�¤

¢©Û�Ä�È©nØ´È©nØí2��2|¤.

�©AÛ�6/Ún�mnØ´�êí2��2|¤.
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VitaliCX�½Â

E ⊂ R, Γ´E�VitaliCX

Γ´E�CX

Γ =�òz�4«mx

z:?Ã¡��gCX:

∀ x ∈ E, inf
{
|I| : x ∈ I ∈ Γ

}
= 0
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VitaliCX½n

Theorem 1 (VitaliCX½n)

E ⊂ R, m∗(E) < ∞, Γ´E�VitaliCX.

======⇒ E ⊂
∞⊔

j=1

Ij ⊔ Z (∃Ij ∈ Γ,m(
∞⊔

j=1

Ij) < ∞, m(Z) = 0)

ÅgÂ�
⇐======⇒ ∀ϵ > 0, E ⊂

n(ϵ)⊔
j=1

Ij ⊔ Eϵ (∃Ij ∈ Γ, m(Eϵ) < ϵ.)
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VitaliCX

VitaliCX´©Û�Ãâ
:

Ã¡
=z�
=====⇒��!k�

A^µ

�ê
=z�
=====⇒�û
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Y

5P: ©Û�°�´4�,%C(Ð+�).

äNö�: ��>��,£���E.
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Lebesgue�©½n

Theorem 2 (Lebesgue�©½n)

üN¼êA�??��.

f : [a, b] −→ R ↑=====⇒ f ′a.e.�3�k�.
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Y

y²: y²g´: o´Ph > 0. ·���y²

(1). lim
h→0

f(x + h) − f(x)
h

a.e.
⩽ lim

h→0

f(x) − f(x − h)
h

.

(2). lim
h→0

f(x + h) − f(x)
h

a.e.
⩾ lim

h→0

f(x) − f(x − h)
h

.

(3). f ′a.e.Ø�u∞.
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Lebesgue�©½n�y²

(1)=⇒ (2):

g(x) ↑= −f(t) (x + t = a + b , x ∈ [a, b]).

(1)
g↑

======⇒ lim
h→0

g(x + h) − g(x)
h

a.e.
⩽ lim

h→0

g(x) − g(x − h)
h

g(x)=−f(t)
======⇒ lim

h→0

−f(t − h) + f(t)
h

a.e.
⩽ lim

h→0

−f(t) + f(t + h)
h

======⇒ (2)¤á.
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Lebesgue�©½n�y²(Y)

(3)�y²:

E := {x ∈ (a, b) : f ′(x) = ∞} �½N > 0

Γ :=

{
[x, x + h] ⊂ (a, b) : x ∈ E,

f(x + h) − f(x)
h

> N
}

Γ´E�VitaliCX
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Vitali½n
=======⇒ E ⊂ I1 ⊔ · · · ⊔ Im ⊔ E 1

N
, m(E 1

N
) <

1
N
,

Ij=[xj ,xj+hj ]
=======⇒ m∗(E) ⩽

m∑
j=1

hj +
1
N

⩽
1
N

m∑
j=1

(f(xj + hj) − f(xj)) +
1
N

f↑
⩽

1
N
(f(b) − f(a) + 1) −→ 0 (N → ∞).
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Lebesgue�©½n�y²(Y)

(1)�y²:

(1)£ã�´a.e.¤á�Ø�ª.

��y²TØ�ªØ¤á�8Ü´"ÿ8.

òT"ÿ8L«����8Ü�¿.
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Y

∀ R , r ∈ Q, R > r , P

E :=
{
x ∈ (a, b) : lim

h→0

f(x+h)−f(x)
h > R > r > lim

h→0

f(x)−f(x−h)
h

}

·���y²E´"ÿ8.

mþ�ê>�e�ê�:�¤"ÿ8
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Y

�y{:

�m∗(E) , 0. (5¿: E ⊂ (a, b))

�m8G ⊃ E:

m(G) <
R + r

2r
m∗(E).
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Lebesgue�©½n�y²(Y3)

Ñu:

r > lim
h→0

f(x) − f(x − h)
h

.

�EVitaliCX

ΓE =
{
[x − h, x] ⊂ (a, b) ∩ G : x ∈ E,

f(x) − f(x − h)
h

< r
}

Vitali
===⇒ E ⊂ I1 ⊔ · · · ⊔ Ip ⊔ Eϵ , Ij = [xj − hj , xj] ∈ ΓE , m(Eϵ) < ϵ.
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Y

Ñu:

y ∈ E, lim
0<k→0

f(y + k) − f(y)
k

> R .

�E��K>���Ü©:

A = E¥�Vitalik��CX�Ü©

:= E ∩ (
◦

I1 ⊔ · · · ⊔
◦

Ip)

5P:
◦

I = I�SÜ
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Y

�EVitaliCX

A = E ∩ (
◦

I1 ⊔ · · · ⊔
◦

Ip)

ΓA =
{
[y, y + k ] ⊂

p⊔
j=1

◦

I j : y ∈ A ,
f(y + k) − f(y)

k
> R

}

Vitali
===⇒ A ⊂ J1⊔· · ·⊔Jq⊔Aϵ , Ji = [yi , yi+ki] ∈ ΓA , m(Aϵ) < ϵ.
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Lebesgue�©½n�y²(Y4)

nþ,

E ⊂ J1

⊔
· · ·

⊔
Jq

⊔
Aϵ ∪ Eϵ ∪k�8.

J1

⊔
· · ·

⊔
Jq ⊂ I1

⊔
· · ·

⊔
Ip ⊂ G.
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Y

�	f3Ji , Ijþa�Ý

f↑
=====⇒

q∑
i=1

(f(yi + ki) − f(yi)) ⩽

p∑
j=1

(f(xj) − f(xj − hj)).
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Y

|^�E¥�� Ç^�:

þª�>=
q∑

i=1
(f(yi + ki) − f(yi)) ⩾ R

q∑
i=1

ki ⩾ R(m∗(E) − 2ϵ)

þªm>=
p∑

j=1
(f(xj) − f(xj − hj)) ⩽ rm(G) < R+r

2 m∗(E).

gñ
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VitaliCX��E

l'u�ê�Ø�ª½�ªÑu

ø�4��	�

JøVitaliCX.
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VitaliCX��{o(

VitaliCX ò�Ú°,U�==============
6Ä�{

?n4��5Kz�{

Ä�8Ü «m

�ê �û

8Ü!�ê
õg�{: �o�°

=================⇒
�4�:�3­�&E

«m!�û
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Sobolev�m

Sobolev�m:

W1,1[a, b] :=
{
f : [a, b] −→ R�ÿ | f ′a.e.�3, f , f ′ ∈ L1[a, b]

}
.

ü��I:

(�ê�I,È©�I)

�SobolevnØ�': ùpé�ê��¦�r.
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Lebesgue½n

Theorem 3 (Lebesgue½n)

f : [a, b] −→ R ↑=⇒ f ∈ W1,1[a, b],
∫ b

a
f ′(x)dx ⩽ f(b) − f(a).
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�~

f = Cantor¼ê ↑,

∫ 1

0
f ′(x)dx < f(1) − f(0).
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Lebesgue½n�y²

y²: ~�òÿf : R −→ R

f↑
=====⇒ f a.e.ëY

=====⇒ f�ÿ, f ′(x) = lim
n→∞

f(x + 1
n ) − f(x)
1
n

�ÿ,
a.e.
⩾ 0
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Lebesgue½n�y²Y

Fatou
===⇒
f ′∈L+

∫ b

a
f ′(x)dx ⩽ lim

n→∞

∫ b

a

f(x + 1
n ) − f(x)
1
n

dx

⩽ lim
n→∞

n
(∫ b+1/n

b
f(x)dx −

∫ a+1/n

a
f(x)dx

)

⩽ f(b) − f(a)
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