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Theorem 1 (�êÚÈ©��gS)

∣∣∣∣∂f(·, t)
∂t

∣∣∣∣ ⩽ g ∈ L1(E)

f , ft'ux�È
===========⇒

ft�3

d
dt

∫
E

f(x, t)dx =

∫
E

∂f(x, t)
∂t

dx.
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FubiniÅ��©½n

^�:

3L+µeS: f ′n ∈ L+\r�fn ↑

ü>k¿Â:
∞∑

n=1
fn(x)Âñ.

Theorem 2 (FubiniÅ��©½n) ∞∑
n=1

fn(x)

′ a.e.
======

∞∑
n=1

f ′n(x).
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FubiniÅ��©½n�Fubini½nØÓ:

§´a.e.¤á��ª; ¦�ÚÈ©��gS.

FubiniÅ��©½n�^�:

Å�¦���\r���L+µeS.
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y²:
∞∑

n=1

fn =
N∑

n=1

fn + RN , RN =
∞∑

n=N+1

fn

=====⇒

 ∞∑
n=1

fn

′ a.e.
======

N∑
n=1

f ′n + R ′N

N→∞
=========⇒
e lim

N→∞
R ′N∃

 ∞∑
n=1

fn

′ a.e.
====

∞∑
n=1

f ′n + lim
N→∞

R ′N .
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Ö¿y²:

fn'ux ↑

=====⇒ RN+1'ux ↑

=====⇒ R ′N
a.e.
==== f ′N+1 + R ′N+1

a.e.
⩾ R ′N+1

a.e.
⩾ 0

=====⇒ lim
N→∞

R ′N∃
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0
RN↑

⩽

∫ b

a
lim

N→∞
R ′N

Fatou
⩽ lim

N→∞

∫ b

a
R ′N

RN↑

⩽ lim
N→∞

(RN(b) − RN(a)) = 0

=====⇒ lim
N→∞

R ′N
a.e.
==== 0.
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∃ f : [0, 1] −→ [0, 1]î�üNO\, f ′ a.e.
==== 0.
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�E:

f(x) =
∞∑

n=1

1
2n χ[rn ,1](x), Ù¥(0, 1) ∩ Q = {rn}n∈N.

=====⇒ f ′(x) a.e.
================
FubiniÅ��©½n

∞∑
n=1

1
2n χ

′

[rn ,1]
(x) a.e.

==== 0
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§2 BV [a, b]

[a, b]þk.C�¼ê�NBV [a, b]

BV [a, b] =
{
f : [a, b] −→ R | Vb

a f < +∞
}

= �¹[a, b]þ¤küNO\¼ê�����5�m

= d[a, b]þ¤küNO\¼ê)¤��5�m
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�C�

Vb
a f = sup

a=x0<···<xn=b

n∑
k=1

|f(xk ) − f(xk−1)|.
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f ∈ BV [a, b]⇐⇒ f��­��¦�.
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Ø�¦�­�:

f(x) = x sin
1
x
∈ C[0, 1] \ BV [0, 1].

¿©0 = x0 < x1 < · · · < x2n+1

(¿©:x2k−1 =
1

((n − k + 1) + 1
2)π
<

1
(n − k + 1)π

= x2k )

V1
0 f ⩾

2n+1∑
k=1

|f(xk ) − f(xk−1)| ⩾ c
2n+1∑
k=1

1
k
−→ +∞ .
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�C�ÚÈ©��q5

�C�ÚÈ©��q5

�C� È©

©�a��4� ©�¦Ú�4�

Vb
a f

f∈AC[a,b]
================
�C��O��{

∫ b
a |f

′|

f ↑=⇒ Vb
a f = f(b) − f(a).
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�C�

dν = f ′dm, d|ν| = |f ′|dm

Vb
a f = |ν|([a, b]) =

∫ b

a
d|ν| =

∫ b

a
|f ′|dm

|ν|(E) = sup

 n∑
k=1

|ν(Ek )| : E =
n⊔

k=1

Ek


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k.C�éÈ©���\5

k.C�éÈ©���\5

Vb
a f = Vc

a f + Vb
c f ∀ c ∈ (a, b).
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k.C�éÈ©���\5

y²µ (1). éu∀ a = x0 < · · · < xn = b

n∑
k=1

|f(xk ) − f(xk−1)|⩽Vc
a f + Vb

c f .

(2). éu∀ a = x0 < · · · < xm = c, c = y0 < · · · < yn = b

Vb
a f ⩾

m∑
k=1

|f(xk ) − f(xk−1)|+
n∑

j=1

|f(yj) − f(yj−1)|
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Jordan©)½n

Jordan©)½n

f ∈ BV [a, b] ⇐===⇒ f = f1 − f2 (∃f1, f2 ↑).

?2R(¥I��)



Jordan©)½nY

y²µ “⇐= ”

f1, f2 ↑ =====⇒ Vb
a f ⩽ Vb

a f1 + Vb
a f2 < +∞.

?2R(¥I��)



Jordan©)½nY

“ =⇒ ”

f1(x) := Vx
a f , f2 := f1 − f

f2(y) − f2(x)
y>x
==== (Vy

a f − f(y)) − (Vx
a f − f(x))

= Vy
x f − (f(y) − f(x)) ⩾ 0.
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k.C�´Sobolev

BV [a, b] ⊂ W1,1[a, b].

(Ï�↑¼ê∈ W1,1[a, b])
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§3 AC[a, b]

Lebesgueµee�È©Ä�½n:

L1[a, b]/ ∼

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

AC[a, b]/R £V�¤
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d�È©Ä�½nÖÑýéëY¼ê��x5�:

�)
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ýéëY¼ê½Â: Motivation

f ∈ AC[a, b] =====⇒ ∃g ∈ L1[a, b] : f(x) =
∫ x

a
g + c

|g|∈L1

=====⇒ lim
m(

n⊔
k=1

(ak ,bk ))→0

n∑
k=1

|f(bk ) − f(ak )|

⩽ lim

∫
n⊔

k=1
(ak ,bk )

|g| = 0
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f ∈ AC[a, b]

⇐==⇒ lim
m(

n⊔
k=1

(ak ,bk ))→0

n∑
k=1

|f(bk ) − f(ak )| = 0

⇐==⇒ ∀ ϵ > 0,∃δ > 0 : m(
n⊔

k=1

(ak , bk )) < δ =⇒
n∑

k=1

|f(bk ) − f(ak )| < ϵ.
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ýéëY¼ê´ëY�\r��, C1�fz��

C1[a, b] ⊂ AC[a, b] ⊂ C[a, b]
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ýéëY¼ê´k.C�¼ê

AC[a, b] ⊂ BV [a, b]

Vb
a f

ϵ=1,∥π∥<δ
=======

n∑
k=1

Vci
ci−1

f ⩽ n.
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C1[a, b] ⊂ AC[a, b] ⊂ C[a, b]∩BV [a, b] ⊂ BV [a, b] ⊂ W1,1[a, b] ⊂ L1

Cantor¼ê´üNO\ëY¼ê,�Ø´ýéëY¼ê
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f ∈ C[a, b] =====⇒ Vb
a f = Vb

a |f |
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�/� f(x)f(y) ⩾ 0:∣∣∣|f(x)| − |f(y)|∣∣∣ = |f(x) − f(y)|

�/� f(x)f(y) < 0 =⇒ ∃ ξ : f(ξ) = 0:

∣∣∣|f(x)| − |f(y)|∣∣∣ ⩽ |f(x) − f(y)| ⩽
∣∣∣|f(x)| − |f(ξ)|∣∣∣+ ∣∣∣|f(ξ)| − |f(y)|∣∣∣
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∀©�π : a = x0 < x1 < · · · < xn = b

\\©�:
=========⇒ ∀#©�π′ : a = y0 < y1 < · · · < ym = b
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÷v

n∑
k=1

∣∣∣|f(xk )| − |f(xk−1)|
∣∣∣ ⩽ n∑

k=1

∣∣∣f(xk )− f(xk−1)
∣∣∣ ⩽ m∑

k=1

∣∣∣|f(yk )| − |f(yk−1)|
∣∣∣

=====⇒ Vb
a f = Vb

a |f |
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k.C�¼êÚStieltjesÈ©

StieltjesÈ©

∫ b

a
φ(t)df(t)

f ∈ BV [a, b]
==========
φ ∈ C[a, b]

lim
∥π∥→0

n∑
j=1

φ(ξj)
(
f(tj) − f(tj−1)

)

∀ π : a = t0 < t1 < · · · < tn = b , ∀ ξ ∈ [tj−1, tj].

f ∈ BV [a, b]
�õ�ê!1�amä:
====================⇒
éStieltjesÈ©ÃK�

��fmëY§f(a) = 0.
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k.C�¼ê��2Â¼ê

BV0[a, b] := {f ∈ BV [a, b], fmëY§f(a) = 0.}

f ∈ BV0[a, b]À�ÿÝdf(t).

C[a, b]∗ = BV0[a, b].
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