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Lebesgueµee�È©Ä�½n:

L1[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

AC[a, b] £V�¤

(a.e. ��À�ð�) (��~êÀ�ð�)

⇕ ⇕

∫ x

a
ü�

d
dx
ü�
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¦�:

AC[a, b] ⊂ BV [a, b] ⊂ W1,1[a, b]

=====⇒
d
dx

: AC[a, b] −−−−−−→ L1[a, b].

È©: Ú\ýéëY¼ê�Motivation

∫ x

a
: L1[a, b] −−−−−−→ AC[a, b].
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y²©�nÚ.

Lebesgueµee�È©Ä�½n�SN´L:

Ù)Öë�y²�n�Ú½.
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Theorem 1 (�È©Ä�½n�AÏ�/)

f ′ a.e.
==== 0

f∈AC[a,b]
⇐===========⇒
�È©Ä�½n

f =~ê.

?2R(¥I��)



Y

£Á:

f ∈ AC[a, b] ⇐==⇒ lim
m(

n⊔
k=1

(ak ,bk ))→0

n∑
k=1

|f(bk ) − f(ak )| = 0
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y²: ?¿�½ϵ > 0,�3δ > 0:

m(
n⊔

k=1

(ak , bk )) < δ
f∈AC[a,b]

=========⇒
n∑

k=1

|f(bk ) − f(ak )| < ϵ.
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�½x0 ∈ (a, b): f ′(x0)∃,��y²f(x0) = f(a).

VitaliCX:

E := {y ∈ (a, x0) : f ′(y) = 0}

ΓE =

{
[y, y + h] ⊂ (a, x0) : y ∈ E, h > 0,

∣∣∣∣∣∣ f(y + h) − f(y)
h

∣∣∣∣∣∣ < ϵ
}

?2R(¥I��)



Y

Vitali
=====⇒ E ⊂

m⊔
i=1

[yi , yi + hi] ⊔ Eδ, m(Eδ) < δ, [yi , yi + hi] ∈ Γ

m(Z)=0
=====⇒ (a, x0) = E ⊔ Z ⊂

m⊔
i=1

[yi , yi + hi] ⊔ Eδ ⊔ Z .
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[a, x0]�¿© :

m⊔
i=1

[yi , yi + hi]�à:V\(a, x0)�à:.

f3Ø�
m⊔

i=1
[yi , yi + hi]±��e�¿©«m�a�Ý < ϵ
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=====⇒ |f(x0) − f(a)| ⩽
n∑

i=1

|f(yi + hi) − f(yi)|+ ϵ

< ϵ(
n∑

i=1

hi) + ϵ ⩽ ϵ(b − a + 1).
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• f ∈ L1[a, b] =====⇒

∫ x

a
f ∈ AC[a, b]

(∫ x

a
f
)′

a.e.
==== f(x)
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y²: |^È©�ýéëY5

f ∈ L1[a, b] =⇒
∫ x

a
f ∈ AC[a, b] ⊂ BV [a, b] ⊂ W1,1[a, b].
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e¡��y²:

F ′ a.e.
==== f(x)

Ù¥

F(x) :=
∫ x

a
f ∈ W1,1[a, b], f ∈ L1(R)("*¿)
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∥F ′ − f∥L1[a,b]
Fatou
⩽ lim

h→0

∥∥∥∥F(x + h) − F(x)
h

− f(x)
∥∥∥∥

L1[a,b]

= lim
h→0

∫ b

a

∣∣∣∣∣∣1h
∫ x+h

x
f(t)dt − f(x)

∣∣∣∣∣∣ dx

= lim
h→0

∫ b

a

∣∣∣∣∣∣1h
∫ h

0
f(x + t)dt − f(x)

∣∣∣∣∣∣ dx
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∥F ′ − f∥L1[a,b]
þª
⩽

Fubini
lim
h→0

1
h

∫ h

0
∥f(x + t) − f(x)∥L1(R)dt = 0.
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f ∈ L1[a, b]
"*¿
=====⇒

f∈L1(R)

∫ x+h

x
f =

∫ h

0
f(·+ x).

(éχE¤á(ÿÝ�²£ØC5),l
éL1¤á.)
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Ö¿y²:

lim
t→0
∥f(x + t) − f(x))∥L1(R)

f∈L1(R)
==========
²þëY5

0.

=⇒ ∀ ϵ > 0,∃ δ > 0,�|t | < δ�,k∥f(x + t) − f(x))∥L1(R) < ϵ.

=⇒�0 < h < δ�,k
1
h

∫ h

0
∥f(x + t) − f(x)∥L1(R)dt ⩽ ϵ

=⇒
1
h

∫ h

0
∥f(x + t) − f(x)∥L1(R)dt −→ 0.
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• F ∈ AC[a, b] =====⇒ F ′ ∈ L1[a, b]

∫ x

a
F ′ = F(x) − F(a).
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y²:

F ∈ AC[a, b] ⊂ W1,1[a, b]

1�Ú
=========⇒
F ′ ∈ L1[a, b]

∫ x

a
F ′ ∈ AC[a, b]

(∫ x

a
F ′

)′
a.e.
==== F ′(x)
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AC�5�m
=========⇒ F(x) −

∫ x

a
F ′ ∈ AC[a, b]

(
F(x) −

∫ x

a
F ′

)′
a.e.
==== 0.

1�Ú
========⇒ F(x) −

∫ x

a
F ′ == c = F(a)
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®�È©�¡E¼ê

f ∈ L1[a, b] =====⇒ f(x) a.e.
====

(∫ x

a
f
)′

a.e.
==== lim

h→0

1
h

∫ x+h

x
f

⇐===⇒ lim
h→0

1
h

∫ x+h

x
f(t) − f(x)dt a.e.

==== 0
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Theorem 2 (Lebesgue:½n)

lim
h→0

1
h

∫ x+h

x
|f(t) − f(x)|dt︸                        ︷︷                        ︸

�v²þ��

a.e.
=======
f∈L1[a,b]

0.

�ª¤á�:¡�f�Lebesgue:.

®�È©��)Ñ¼ê�äNL�ª:

f(x) a.e.
=======
f∈L1[a,b]

lim
h→0

1
h

∫ x+h

x
f
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y²: f ∈ L1[a, b]

=====⇒ |f − r | ∈ L1[a, b] (?¿�½ r ∈ Q)

=====⇒ |f(x) − r | a.e.
==== lim

h→0

1
h

∫ x+h

x
|f − r |

?2R(¥I��)



Y

=⇒ lim
h→0

1
h

∫ x+h

x
|f(t) − f(x)|

⩽ lim
h→0

1
h

∫ x+h

x
|f(t) − r |+ |r − f(x)| (freezingE|)

a.e.
==== 2|f(x) − r |

r→f(x)
−−−−−−→ 0
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f ∈ L1[a, b],
∫ b

a
xnf(x)dx = 0, ∀n = 0, 1, 2, · · ·

=====⇒ f a.e.
==== 0
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d�È©Ä�½n,��y²F = 0:

f(x) a.e.
==== F ′(x), F(x) :=

∫ x

a
f(t)dt ∈ AC[a, b]

��y²F = 0.

F(a) = F(b) = 0
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ýéëY¼êxnF(x) ∈ AC[a, b]:

G(x) = xn ∈ C1[a, b] ⊂ AC[a, b]

=⇒ |G(x)F(x) − G(y)F(y)| ⩽ M(|F(x) − F(y)|+ |G(x) − G(X)|)

=⇒ xnF(x) ∈ AC[a, b]
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��5:

=⇒

∫ b

a
(xnF(x))′dx = (xnF(x))

∣∣∣b
a

=⇒

∫ b

a
xnf(x) + nxn−1F(x)dx = 0

=⇒

∫ b

a
xn−1F(x)dx = 0, ∀ n ∈ N
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%C:

∀ ϵ > 0,∃õ�ªP(x) : max
x∈[a,b]

|F(x) − P(x)| < ϵ

F = 0:

∫ b

a
F(x)2dx =

∫ b

a
F(x)(F(x) − P(x))dx ⩽ ϵ

∫ b

a
|F(x)|dx

?2R(¥I��)



5P

|^È©Ø?n¼ê:

f a.e.
==== 0

f∈L1

⇐==⇒ ∥f∥L1 = 0.

|^Ä�½n?n¼ê: �¼ê��=z�Ð¼ê?n.

f a.e.
==== 0

f∈L1

⇐====⇒
F(x)=

∫ x
a f

F = 0.
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