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Theorem 1

f ∈ AC[a, b]
f∈W1,1[a,b]
⇐=====⇒ Vx

a f =
∫ x

a
|f ′|

A~: �C�´È©

f ∈ C1[a, b] =====⇒ Vx
a f =

∫ x

a
|f ′|
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¿©5:

f ∈ W1,1[a, b] ==⇒ |f ′| ∈ L1[a, b] ======⇒

∫ x

a
|f ′| ∈ AC[a, b]

Vx
a f=

∫ x
a |f
′ |

======⇒ Vx
a f ∈ AC[a, b]

======⇒ f ∈ AC[a, b]

(∀ y > x ======⇒ |f(y) − f(x)| ⩽ Vy
a − Vx

a ).
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7�5 :
(
∀ y > x ======⇒ |f(y) − f(x)| ⩽ Vy

a − Vx
a

)
f∈AC[a,b]
======⇒ |f ′(x)|

a.e.
⩽

d
dx

Vx
a f

=====⇒

∫ x

a
|f ′| ⩽ Vx

a f
f(x)=f(a)+

∫ x
a f ′

=========== Vx
a

∫ x

a
f ′

⩽ Vx
a

∫ x

a
(f ′)+ ↑ +Vx

a

∫ x

a
(f ′)− ↑

=

∫ x

a
(f ′)+ +

∫ x

a
(f ′)− =

∫ x

a
|f ′|
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L∞[a, b] = [a, b]þA�??k.�ÿ¼ê�N.

Lipschitz¼êf : [a, b] −→ R:

f ∈ Lip[a, b]⇐===⇒ ∃M > 0, ∀ x, y ∈ [a, b] :

|f(x) − f(y)| ⩽ M|x − y |
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L∞[a, b]µee�È©Ä�½n

L∞[a, b]µee�È©Ä�½n:

L∞[a, b]

∫ x

a
GGGGGGGBFGGGGGGG

d
dx

Lip[a, b] £V�¤

(a.e. ��À�ð�) (��~êÀ�ð�)

⇕ ⇕

∫ x

a
ü�

d
dx
ü�
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y²: (1) f ∈ L∞[a, b] ⊂ L1[a, b]

=====⇒

∫ x

a
f ∈ AC[a, b].

=====⇒

∣∣∣∣∣∣
∫ y

a
f −

∫ x

a
f

∣∣∣∣∣∣ ⩽
∫ y

x
|f | ⩽ M|y − x | (∀ x < y)

=====⇒

∫ x

a
f ∈ Lip[a, b].
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(2). f ∈ Lip[a, b] ⊂ AC[a, b] ⊂ W1,1[a, b].

=====⇒ f ′A�??�3, |f(y) − f(x)| ⩽ M|y − x |

=====⇒ |f ′|
a.e.
⩽ M

=====⇒ f ′ ∈ L∞[a, b].
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f(x) = xα sin
1
xβ
, x ∈ [0, 1], α, β > 0.

W1,1[0, 1] α > β

BV [0, 1] α > β

AC[0, 1] α > β

Lip[0, 1] α ⩾ β+ 1

C1[0, 1] α > β+ 1
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α > β > 0 =====⇒ f(x) = xα sin
1
xβ
∈ AC[0, 1]
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b�α > β > 0,K

f ′(x) a.e.
==== αxα−1 sin

1
xβ
− βxα−β−1 cos

1
xβ

=====⇒ |f ′(x)|
a.e.
⩽ αxα−1 + βxα−β−1 ∈ L1[0, 1]

=====⇒ f(x) − f(ϵ) =
∫ x

ϵ
f ′ (RiemannµeeÄ�½n)

ϵ→0+
=======⇒
��Âñ

f(x) = f(0) +
∫ x

0
f ′(x)dx ∈ AC[a, b]
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0 < α ⩽ β =====⇒ f(x) = xα sin
1
xβ
< W1,1[0, 1].
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b�0 < α ⩽ β,K

f ′(x) a.e.
==== αxα−1 sin

1
xβ
− βxα−β−1 cos

1
xβ
< L1[0, 1]

m>1�� ∈ L1[0, 1], m>1�� < L1[0, 1],
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0 < α ⩽ β =====⇒ xα−β−1
∣∣∣ cos 1

xβ
∣∣∣ < L1[0, 1]

y²: �C�t = x−β,|^| cos t | ⩾ | cos t |2 = 1
2(cos(2t) + 1)

∫ 1

ϵ
xα−β−1

∣∣∣ cos 1
xβ

∣∣∣dx =
1
β

∫ ϵ−β

1
t−
α
β | cos t |dt

⩾
1
2β

( ∫ ϵ−β

1
t−
α
β cos(2t)dt +

∫ ϵ−β

1
t−
α
β dt

)
→

1
2β

( ∫ ∞

1
t−
α
β cos(2t)dt +

∫ ∞

1
t−
α
β dt

)
= ∞.

Dirichlet�O{ : t−
α
β ↓ 0

∫ 1

0
xα−β−1

∣∣∣ cos 1
xβ

∣∣∣dx ⩾
∫ 1

ϵ
xα−β−1

∣∣∣ cos 1
xβ

∣∣∣dx → +∞
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0 < α ⩽ β
��y²
=======⇒ f(x) = xα sin

1
xβ
< BV[0, 1].
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y²: �«m¿©

π : 0 = x0 < x1 < · · · < xn = 1

(
1
xi

)β
= (n − 1 − i)π+

π

2
, i = 1, 2, · · · , n − 1.

f(xi−1)f(xi) < 0, |f(x)| ⩽ 1.
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n∑
i=1

|f(xi) − f(xi−1)| ⩾
n−1∑
i=2

|f(xi)|

⩾
n−1∑
i=2

|f(xi)|
β
α

=
n−1∑
i=2

1
(n − i)π+ π

2

=
n−2∑
k=1

1
kπ+ π

2
→ ∞

=====⇒ V1
0 f = ∞.
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f(x) = xα sin
1
xβ
∈ Lip[0, 1]

α,β>0
⇐==⇒ α ⩾ β+ 1.
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y²:

f ∈ Lip[0, 1]
�È©Ä�½n
⇐===========⇒ f ′ ∈ L∞[0,∞]

f ′(x) a.e.
==== αxα−1 sin

1
xβ
− βxα−β−1 cos

1
xβ

α,β>0
=====⇒ f ′(x) ∈ L∞[0, 1]��=�α ⩾ β+ 1 > 1
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f ∈ AC[−1, 1], g ∈ C1[−1, 1] ⊂ AC[−1, 1], fÚg�EÜ.

⇏ f ◦ g ∈ AC[−1, 1].
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y²: �

f(y) = y
1
3 ∈ AC[−1, 1] \ C1[−1, 1]

g(x) =
(
x sin

1
x

)3
∈ C1[−1, 1]

f ◦ g(x) = x sin
1
x
∈ C[−1, 1] \ AC[−1, 1]

5¿: �EÜ�^��¦3[−1, 1]
Ø´[0, 1]þ�Ä.
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y²: �

f(y) =
∫ y

0
f ′

f ′∈L1[−1,1]
======⇒ f ∈ AC[−1, 1].

g′(x) = 3x2 sin3 1
x
−3x sin2 1

x
cos

1
x
∈ C[−1, 1]

g′(0)=0
=====⇒ g ∈ C1[−1, 1]

f ◦ g(x) = x sin
1
x
< AC[−1, 1]
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f ∈ Lip[0, 1], g ∈ AC[0, 1], fÚg�EÜ.

=⇒ f ◦ g ∈ AC[0, 1].
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y²: |f(x) − f(y)| ⩽ M|x − y |, x, y ∈ [0, 1].

g ∈ AC[a, b]

⇐==⇒ ∀ ϵ > 0,∃δ > 0 : m(
n⊔

k=1

(ak , bk )) < δ =⇒
n∑

k=1

|g(bk ) − g(ak )| < ϵ

===⇒
n∑

k=1

|f ◦ g(bk ) − f ◦ g(ak )| ⩽ M
n∑

k=1

|g(bk ) − g(ak )| ⩽ Mϵ

===⇒ f ◦ g ∈ AC[0, 1]
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Å��©Fubini½n

(1) fk ∈ AC[a, b]

(2)
∞∑

k=1
fk (c)Âñ, ∃c ∈ [a, b]

(3)
∞∑

k=1

∫ b

a
|f ′k (x)|dx < ∞

=====⇒
∞∑

k=1

fk ∈ AC[a, b]
( ∞∑

k=1

fk
)′ a.e.
======

∞∑
k=1

f ′k

?2R(¥I��)



5P: 3L1 µee�Å��©Fubini½n

L1µe: Å��©��?ê�L1�È5.

Å��©�C1^�fz�fC1^�,=ýéëY^�.

?êÂñ��¦�{z�3�:?Âñ

Å��©��ª´A�??¤á��ª
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Å��©��?ê�L1�È5.

f ′k (x) =: f ′(x, k) ∈ L1([a, b] × N) ⇐===⇒
∞∑

k=1

∫ b

a
|f ′k (x)|dx < ∞

⇐===⇒
∞∑

k=1

|f ′k (x)| ∈ L1[a, b]
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^�(3)
=====⇒

L1µe

∞∑
k=1

∫ x

a
f ′k (t)dt Fubini

======

∫ x

a

∞∑
k=1

f ′k (t)dt < ∞

^�(2)
======⇒
fk∈AC[a,b]

∫ x

c
f ′k (t)dt = fk (x) − fk (c)
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=====⇒
∞∑

k=1

fk (x) =
∞∑

k=1

fk (c) +
∫ x

c

∞∑
k=1

f ′k (t)︸    ︷︷    ︸
∈L1[a,b]

dt ∈ AC[a, b]

=====⇒
( ∞∑

k=1

fk
)′ a.e.
======

∞∑
k=1

f ′k

?2R(¥I��)


