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R ∋ λn → +∞ =====⇒ m
{
x ∈ R : lim

n→∞
sin λnx∃

}
= 0
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y²: -

A :=
{
x ∈ R : lim

n→∞
sin λnx∃

}
A�ÿ: CauchyS�ϵ�ó+�ÿ¼ê'u��«m����ÿ"

A =
⋂
m∈N

⋃
N∈N

⋂
i>j>N

f−1
i,j (−

1
m
,

1
m
).

Ù¥
fi,j(x) :== |fi(x) − fj(x)| �ÿ.

g,/�Ä¼ê

f(x) := χA (x) lim
n→∞

sin λnx "*¿
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|^È©nØïÄT¼ê:

∫
E

f(x)dx ��Âñ
==========
∀k.�ÿE

lim

∫
E
χA (x) sin λnxdx

Lebesgue
======= 0

Lebesgue:½n
=============⇒ f(x) a.e.

==== lim
h→0

1
h

∫ x+h

x
f = 0

?2R(¥I��)



0 =

∫
E

f2(x)dx ��Âñ
==========
∀k.�ÿE

lim

∫
E∩A

sin2 λnxdx =
1
2

m(E ∩ A)

=====⇒ m(A) = 0.
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5P

|^È©Ø?nÿÝØE|:

"ÿ8
g,�E
=======⇒"¼ê

Lebesgue:nØ
=============⇒È©nØ.
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b�

(1) fk , f ∈ L1(E), E ⊂ Rn�ÿ.

(2) fk
a.e.
−−−→ f

K

fk
L1

−−→ f ⇐===⇒ ∥fk ∥L1(E) −−→ ∥f∥L1(E)

?2R(¥I��)



y²

f ∈ L1(E) ==⇒ ∀ϵ > 0, ∃ A ⊂ E, ∃ δ > 0 :

m(A) < ∞,

∫
Ac
|f | <

ϵ

2
,

∫
C
|f | <

ϵ

2
if m(C) < δ

Egorov
=====⇒ ∃B0 ⊂ A : m(A \ B0) < δ, fn⇒ f on B0

=====⇒

∫
E
|f | =

∫
Ac
|f |+
∫

A\B0

|f |+
∫

B0

|f | < ϵ +
∫

B0

|f |
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Y

∫
E
|f | < ϵ + lim

k→∞

∫
B0

|fk | (FatouÚn)

= ϵ + lim

∥fk ∥L1(E) −

∫
Bc

0

|fk |


==⇒ lim

∫
Bc

0

|fk | < ϵ

==⇒ ∥fk − f∥L1(E) ⩽

∫
Bc

0

|fk |+
∫

Bc
0

|f |+ sup
B0

|fk − f |m(B0)
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~K3

�∀ f ∈ L1(Rn), x0 ∈ R
n, a ∈ R \ {0}.∫

Rn
f(x + x0)dx =

∫
Rn

f(x)dx;

∫
Rn

f(ax)dx =
1
|a |n

∫
Rn

f(x)dx;

y²: ���yf = χA�/,ù8(uÿÝØ�5�.
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f ∈ L1[0,+∞) =⇒ lim
n→∞

f(x + n) a.e.
==== 0.

y²:
∞∑

n=0

∫ 1

0
|f(x + n)| dx =

∫ ∞
0
|f(x)| dx < +∞

==⇒ lim
n→∞

f(x + n)
a.e.in[0,1]
======= 0.
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�an > 0,
∞∑

n=1

1
an
< +∞.

f ∈ L1(R) =⇒ lim
n→∞

f(anx) a.e.
==== 0.

y²:
∞∑

n=1

∫
R
|f(anx)| dx =

∞∑
n=1

1
an

∫
R
|f(x)| dx < +∞.

?2R(¥I��)
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b�E ⊂ Rn, m(E) < ∞, fn ∈ L 1(E),K

fn ⇒ f =====⇒ f ∈ L 1(E),

∫
E

fn −→
∫

E
f .

m(E) = ∞(ØØ¤á.

�~ fn =
1
2n χ(0,2n]

.

?2R(¥I��)



~K7: È©úª

E ⊂ R Lebesgue�ÿ,

f ∈ L+(E),

φ : [0,+∞)→ R ↑,S4ýéëY, φ(0) = 0.

=====⇒

∫
E
φ(f(x))dx =

∫ ∞
0

m[x ∈ E : f(x) > t]φ′(t)dt .

?2R(¥I��)



y²

φ(a) =

∫ a

0
φ′(t)dt , ∀a ∈ [0,∞)

=====⇒ φ(f(x)) =
∫ f(x)

0
φ′(t)dt =

∫
R+
χ[0,f(x)](t)φ

′(t)dt .

=====⇒

∫
E
φ(f(x))dx =

∫
R
χE(x)

( ∫
R+
χ[0,f(x)](t)φ

′(t)dt
)
dx

=

∫
R+
φ′(t)dt

∫
R
χE(x)χ[f(x)>t](x)dx

=

∫ ∞
0

m[x ∈ E : f(x) > t]φ′(t)dt .

?2R(¥I��)



~K8: �ê´� Ç

E ⊂ [a, b],

f : [a, b] −−−−−−→ R

f3Eþz�:��, |f ′(x)| ⩽ M, ∀x ∈ E.

=====⇒ m∗(f(E)) ⩽ Mm∗(E).

?2R(¥I��)



y²

�½ϵ > 0.

En :=
{
x ∈ E : |f(y − f(x)| ⩽ (M + ϵ)|y − x |,∀y ∈ [a, b] ∩ B(x,

1
n
)
}
.

lim
n→∞

m∗(En ↑) = m∗(E)

En \ {a, b} ⊂
∞⋃

k=1

In,k , m«mIn,k ⊂ (a, b) :

∞∑
k=1

m(In,k ) < m∗(E) + ϵ, m(In,k ) <
1
n
, ∀k ∈ N.

?2R(¥I��)



y²Y

s, t ∈ En

⋂
In,k =====⇒ |f(s)− f(t)| ⩽ (M+ϵ)|s− t | ⩽ (M+ϵ)m(In,k )

m∗(f(En)) ⩽ m∗(f(En ∩
⋃

k

In,k ))

⩽
∑

k

m∗(f(En ∩ In,k ))

⩽
∑

k

diam(f(En ∩ In,k ))

⩽ (M + ϵ)
∑

k

m(In,k ))

⩽ (M + ϵ)(m∗(En) + ϵ)

-n → ∞, ϵ → 0=�.
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~K9: Nì��ÿÝ

f : [a, b] −−−−−−→ R�ÿ

E ⊂ [a, b]�ÿ

f3Eþz�:��

=====⇒ m∗(f(E)) ⩽

∫
E
|f ′(x)|dx.

?2R(¥I��)



y²

�½ϵ > 0.

En :=
{
x ∈ E : (n−1)ϵ ⩽ |f ′(x)| < nϵ

}
�ÿ(�û�ÿl
�ê�ÿ).

m∗(f(En)) ⩽ nϵm∗(En)

⩽

∫
En

|f ′(x)|dx + ϵm∗(En)

f(E) = f(
⋃

n

En) =
⋃

n

f(En)

m∗(f(E)) ⩽

∫
E
|f ′(x)|dx + ϵm∗(E)

?2R(¥I��)
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f ∈ C[a, b] ∩W1,1[a, b],

Ø
���õ�ê8	, f ′�3
�k�

=====⇒ f ∈ AC[a, b]

?2R(¥I��)



y²

A :=
{
x ∈ [a, b] : f ′(x)Ø�3

}
, �õ�ê

∀(α, β) ⊂ [a, b]

|f(β) − f(α)| ⩽ m(f(α, β)) (0�½n)

= m(f((α, β) ∩ Ac)) (A�õ�ê)

⩽

∫
(α,β)∩Ac

|f ′(x)|dx

⩽

∫
(α,β)
|f ′(x)|dx

=====⇒
n∑

i=1

|f(bi) − f(ai)| ⩽

∫
⊔n

i=1(ai ,bi)
|f ′(x)|dx.

?2R(¥I��)



~K11: �È©Ä�½n

f3[a, b]??��, f ′ ∈ L1[a, b]

=====⇒ f(x) = f(a) +
∫ x

a
f ′(t)dt .

?2R(¥I��)



~K12:©ÜÈ©úª

f , g ∈ AC[a, b]

=====⇒

∫ b

a
f(x)g′(x)dx = f(x)g(x)

∣∣∣b
a −

∫ b

a
f ′(x)g(x)dx

?2R(¥I��)



y²

f , g ∈ AC[a, b] =====⇒ fg ∈ AC[a, b]

f , g ∈ AC[a, b] =====⇒ f ′g ∈ L1[a, b], fg′ ∈ L1[a, b]

∫ b

a
(f(x)g(x))′dx = f(x)g(x)

∣∣∣b
a∫ b

a
(f(x)g(x))′dx =

∫ b

a
f ′(x)g(x)dx +

∫ b

a
f(x)g′(x)dx

?2R(¥I��)



~K13:È©1�¥�½n

f ∈ C[a, b], g ∈ L1[a, b] ∩ L+[a, b]

=====⇒

∫ b

a
f(x)g(x)dx

∃ζ∈[a,b]
====== f(ζ)

∫ b

a
g(x)dx

y²ÓRiemannÈ©�/"
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~K14:È©��úª(Cþ��úª)

g : [a, b] −−→ [c, d]a.e.��.

f ∈ L1[c, d]

F(x) =
∫ x

c f(t)dt

e��d

(1) F(g(t)) ∈ AC[a, b]

(2) f(g(t))g′(t) ∈ L1[a, b],
�∫ g(β)

g(α)
f(x)dx =

∫ β
α

f(g(t))g′(t)dx ∀[α, β] ⊂ [a, b]

?2R(¥I��)



y²

(2) ==⇒ (1):

F(g(t)) − F(g(a)) F�½Â
========

∫ g(t)

g(a)
f(x)dx

b�(2)
=======

∫ t

a
f(g(u))g′(u)du

=====⇒ F ◦ g ∈ AC[a, b].

?2R(¥I��)



y²

(1) ==⇒ (2):

F(x) =
∫ x

c
f(t)dt =====⇒ F ∈ AC[a, b]

I�y²
============⇒ m(F(Z)) = 0, ∀"ÿ8Z .

(F(g(t)))′ a.e.
=========
I�y²

f(g(t))g′(t) ∈ L1[a, b]

=====⇒

∫ g(β)

g(α)
f(x)dx = F(g(β)) − F(g(α))

=

∫ β
α
(F(g(t)))′dt =

∫ β
α

f(g(t))g′(t)dt

?2R(¥I��)



Ö¿y²

F ∈ AC[a, b] =====⇒ m(F(Z)) = 0, ∀"ÿ8Z .

�3m8G:

Z \ {a, b} ⊂ G ⊂ (a, b), m(G) < ϵ.

G =
∞⊔

i=1
(ai , bi):

�3 ci , di ∈ [ai , bi]:

F([ai , bi]) = [F(ci),F(di)]

?2R(¥I��)



m∗(F(Z)) = m∗(F(Z \ {a, b}))

⩽ m∗(F(
∞⊔

i=1

(ai , bi)))

⩽
∑

i

m∗(F([ai , bi]))

=
∑

i

m([F(ci),F(di)])

=
∑

i

|F(ci) − F(di)| < ϵ

?2R(¥I��)



Ö¿y²: EÜ¼ê��ê
b�e�^�÷vµ

¼êA�??��

g : [a, b] −−−−−−→ [c, d]

F : [c, d] −−−−−−→ R

F ◦ g : [a, b] −−−−−−→ R

F ′(x) a.e.
====== f(x):

m(F(Z)) = 0, ∀"ÿ8Z ⊂ [c, d]

=====⇒ (F(g(t)))′ a.e.
====== f(g(t))g′(t)

?2R(¥I��)



y²:
�E8Ü

Z := {x ∈ [c, d] : F3x?Ø��}

A := g−1(Z)

B := [a, b] \ A

�½t ∈ B, g3t:�� (g a.e.��)

=====⇒ g3t:ëY, g(t) ∈ Zc , F ′(g(t)) = f(g(t))

�E

φ(h) =


F(g(t+h)−F(g(t)))

g(t+h)−g(t) , g(t + h) − g(t) , 0

f(g(t)) g(t + h) − g(t) = 0

=====⇒ (F(g(t)))′ ====== f(g(t))g′(t)
?2R(¥I��)



y²Y

lim
h→0
φ(h) = f(g(t))

3Bþ¤á(�û+4�)

(F(g(t)))′ ====== f(g(t))g′(t)

3Aþ¤á

g(A) ⊂ Z

m(g(A) = m(F(g(A))) = 0

g′(t) a.e.
==== 0, (F(g(t)))′ a.e.

==== 0

=====⇒ (F(g(t)))′ a.e.
====== f(g(t))g′(t)

?2R(¥I��)



Ö¿y²

b�e�^�¤áµ

f : [a, b]→ R

E ⊂ [a, b], f3E¥z:?��

m(f(E)) = 0

=====⇒ f ′(x) a.e.x∈E
====== 0

?2R(¥I��)



B = {x ∈ E : |f ′(x)| > 0} =
∞⋃

n=1

Bn

Bn =
{
x ∈ E : |f(y) − f(x)| ⩾

1
n
|y − x | ∀y ∈ B(x,

1
n
)
}
.

��y²Bn´"ÿ8.
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∀I�Ý�u 1
n�«m, A := I ∩ Bn

f(A) ⊂ f(Bn) ⊂ f(E)"ÿ8

∀ϵ > 0,�3m«m�{Ik } : f(A) ⊂
⋃

k

Ik ,
∑

k

m(Ik ) < ϵ.

Ak := A ∩ f−1(Ik )

A =
⋃

k

Ak , Ak ⊂ A = I ∩ Bn

f(Ak ) ⊂ Ik

m∗(Ak ) ⩽ diam(Ak ) ⩽ ndiam(f(Ak ))

=====⇒ m∗(A) ⩽ n
∑

k

diam(Ik ) < nϵ.
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