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Lp(E)´Banach�m.

E ⊂ Rn�ÿ, p ∈ [1,+∞].
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Lp�½Â

Lp(E)
p∈[1,+∞)
=======

{
f : E −→ R�ÿ : ∥f∥p < +∞

}

L∞(E) ======
{
f : E −→ R�ÿ : f3Eþ a.e.k.

}

(
f ∈ L∞(E)⇐⇒ ∃M > 0, |f(x)|

a.e.
⩽ M

)

Lp(E)�m��½:

Lp(E)�m¥A�??��À�ð�.
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Lp�m��ê

∥f∥Lp(E)
p∈[1,+∞)
======= ∥f∥p :=

{∫
E
|f(x)|pdx

}1/p

.

Rn Lp(E)

ýé� �ê

k�� Ã��
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L∞�m��ê: ��ê¦�U���L�§¦�U��
�L���ê´Ã¡

∥f∥L∞(E) = ess supx∈E |f(x)|

= inf
m(Z)=0

sup
x∈E\Z

|f(x)|

= inf
{
M > 0 : |f(x)|

a.e.
⩽ M︸       ︷︷       ︸

M´�5þ.

}

= sup
{
M > 0 : m

{
x ∈ E : |f(x)| > M

}
> 0︸                               ︷︷                               ︸

MØ´�5þ.

}
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�5þ(.

�5þ(.

ess sup = essential supremum

~K

sup
x∈R
χ
Q
(x) = 1, ess sup

x∈R
χ
Q
(x) = 0.
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�5þ(.��^

È©Ø¥,�5þ(.��þ(.��^:

∫
E
|f | ⩽ ∥f∥∞m(E)

y²: � =

∫
E\Z
|f | ⩽ sup

E\Z
|f | m(E).

�5þ(.�þ(.�'X:

∥f∥L∞(E) ⩽ sup
x∈E\Z

|f(x)|, ∀ m(Z) = 0
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�Ý�ê

�Ý�ê(p, q):

1
p
+

1
q
= 1, p, q ∈ [1,∞].

~f: (p, q) = (2, 2), (1,∞), (∞, 1).
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HölderØ�ª

HölderØ�ª: �p, q�Ý,K

∥fg∥L1(E) ⩽ ∥f∥Lp(E)∥g∥Lq(E)

�Ò¤á^�:

�Ò¤á
p,q∈[1,+∞)
⇐=====⇒
∃~êλ⩾0

|f(x)|p a.e.
==== λ|g(x)|q, ½g(x) a.e.

==== 0.
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SchwarzØ�ª

SchwarzØ�ª:

f , g ∈ L2(E) =⇒ ∥fg∥L1(E) ⩽ ∥f∥L2(E)∥g∥L2(E)

∫
E
|fg| ⩽

√∫
E
|f |2

√∫
E
|g|2

�Ò¤á^�:

�Ò¤á ⇐=====⇒
∃~êλ⩾0

|f(x)| a.e.
==== λ|g(x)|, ½g(x) a.e.

==== 0
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YoungØ�ª

�p, q´�Ý�ê, p, q ∈ [1,+∞), a, b ⩾ 0,K

ab ⩽
ap

p
+

bq

q

�ª¤á⇐===⇒ ap = bq.

y²: log x´(0,+∞)î�]¼ê.
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HölderØ�ª�y²

�/1: p, q���∞,Ø��p = ∞.

∥fg∥L1 ⩽ ∥f∥L∞
∫

E
|g|.

�/2 : p, q , ∞

F(x) :=
|f(x)|
∥f∥Lp

, G(x) :=
|g(x)|
∥g∥Lq

YoungØ�ª
==========⇒ |F(x)G(x)| ⩽

|F(x)|p

p
+
|G(x)|q

q

∥FG∥L1 ≤
∥F∥pp

p
+
∥G∥qq

q
∥F∥p=∥G∥q=1
========== 1
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HölderØ�ª���ª�/

�Ò¤á ⇐==⇒ |F(x)|p a.e.
==== |G(x)|q

⇐=====⇒
∃~êλ⩾0

|f(x)|p a.e.
==== λ|g(x)|q, ½g(x) a.e.

==== 0.
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MinkowskiØ�ª

∥f + g∥p
∀ p∈[1,+∞]
⩽ ∥f∥p + ∥g∥p
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MinkowskiØ�ª

y²: Ø��p ∈ (1,+∞)

∥f + g∥pp ⩽

∫
|f ||f + g|p−1 +

∫
|g||f + g|p−1

Hölder
⩽ ∥f∥p

(∫
|f + g|(p−1)q

)1/q

+ ∥g∥p

(∫
|f + g|(p−1)q

)1/q

= (∥f∥p + ∥g∥p)∥f + g∥p/qp
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ChebyshevØ�ª

�p ∈ (0,+∞), f ∈ Lp(E), K

m[|f | ⩾ ϵ] ⩽
(
∥f∥p
ϵ

)p

y²:

∥f∥pp ⩾

∫
[|f |⩾ϵ]

|f |p ⩾ ϵpm[|f | ⩾ ϵ].
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LpÂñ

fk
Lp(E)
−−−−−→ f

def
⇐===⇒ ∥fk − f∥p −→ 0.
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o«Âñ

fk
Lp(E)
−−−−−−→
p∈[1,∞)

f
Chebyshev
======⇒ fk

m
−−−−−−→ f

Riesz
=====⇒ fnk

a.e.
−−−−−−→ f

fk
L∞(E)
−−−−−→ f ==⇒ fk

a.un.
−−−−→ f ==⇒ fk

m
−−−→ f fk

a.e.
−−−→ f
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o«ÂñY

y²: ∀ϵ > 0, ∃"ÿ8Z :

sup
E\Z
|fk − f | ⩽ ∥fk − f∥∞ + ϵ/2 ⩽ ϵ (k ≫ 1).

=====⇒ 3E \ Zþ, fk
a.un.
−−−−→ f
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Lp´�5�m

Lp(E)´�5�m (p ∈ [1,∞]).

5P: a, b ⩾ 0

(a + b)p ⩽


2p−1(ap + bp), if p ⩾ 1

ap + bp , if 0 < p < 1.
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Lp´D��5�m

Lp(E)´D��5�m (p ∈ [1,∞]).

�K5:

∥f∥p ⩾ 0, ∥f∥p = 0⇐⇒ f ≡ 0, =f a.e.
=== 0

à5:

∥αf∥p = |α| ∥f∥p , ∀ α ∈ R

n�Ø�ª

∥f + g∥p ⩽ ∥f∥p + ∥g∥p
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äNBanach�m

Theorem 1

�E ⊂ Rn�ÿ, p ∈ [1,+∞]. K

Lp(E)´Banach�m.

?2R(¥I��)



5P

Banach�m=��D��5�m

Lp(E)��⇐⇒ CauchyS�´ÂñS�.

Lp(E)¥CauchyS�:

lim
k ,j→∞

∥fk − fj∥p = 0
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��5y²

p ∈ [1,+∞) :

LpCauchy
Chebyshev
======⇒ �ÿÝCauchy

=====⇒ �ÿÝÂñ

Riesz
=====⇒ ∃a.e.Âñf�

Fatou
=====⇒ Lp Âñ

£ÁChebyshevØ�ªµ

m[|f | ⩾ ϵ] ⩽
(
∥f∥p
ϵ

)p
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��5y²Y

∫
E
|f − fk |p ⩽ lim

j→∞

∫
E
|fnj − fk |p < ϵp , k ≫ 1

=====⇒ fk
Lp

−−→ f , f = (f − fk ) + fk ∈ Lp
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��5y²Y

p = +∞ :

L∞Cauchy =====⇒ 3E \ Z��Cauchy

=====⇒ 3E \ Z��Âñ

=====⇒ �L∞(E \ Z)Âñ

=====⇒ L∞(E)Âñ
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��5y²Y

y²: ∀ϵ > 0,∃"ÿ8Zkj :

sup
x∈E\Zkj

|fk (x) − fj(x)| ⩽ ∥fk − fj∥∞ +
ϵ

2
< ϵ, (k , j ≫ 1)

=⇒ sup
x∈E\Z

|fk (x) − fj(x)| < ϵ, (k , j ≫ 1, Z =
∞⋃

k ,j=1

Zkj)

f(x) := lim
k→∞

fk (x)χE\Z(x)

=⇒ ∥fk − f∥L∞ ⩽ ϵ, f = (f − fk ) + fk ∈ L∞
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OêÿÝ�/

ÿÝ�m(N, 2N, µ =OêÿÝ)

Lp(N, dµ) = ℓp(N) :=
{
{xn}

∞
n=1 :

∥∥∥∥{xn}
∞
n=1

∥∥∥∥
ℓp

:=
( ∞∑

n=1

|xn |
p
) 1

p
< ∞

}

ÿÝ�m(Zn, 2Zn , µ =OêÿÝ)

Rn = L2(Zn, dµ) = ℓ2(Zn).
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MinkowskiØ�ª

σ-k�ÿÝ�m(X , µ), (Y , ν),

f : X × Y → R�ÿ,

p ∈ [1,+∞].

K

( ∫
Y

∣∣∣∣∣∫
X

f(x, y)dµ(x)
∣∣∣∣∣p dν(y)

)1/p
⩽

∫
X

( ∫
Y
|f(x, y)|pdν(y)

)1/p
dµ(x)

ep ∈ (1,∞),�Ø�ªü>k�§K�ª¤á=�

|f(x, y)| a.e.
==== φ(x)ϕ(y),

Ù¥φ(x), ϕ(y)´�K�ÿ¼ê"
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~K1: ��HölderØ�ª

��HölderØ�ª: �p, q ∈ (−∞, 1), 1
p + 1

q = 1,K

∥fg∥L1(E) ⩾ ∥f∥Lp(E)∥g∥Lg(E)

�Ò¤á^�:

�Ò¤á
p,q∈(−∞,1)
⇐=====⇒
∃~êλ⩾0

|f(x)|p a.e.
==== λ|g(x)|q, ½g(x) a.e.

==== 0.
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��HölderØ�ª�y²

Ø��p > 0, g , 0, �Ý�ê

u =
1
p
, v =

1
1 − p

.

∥f∥Lp = ∥fpgpg−p∥
1/p
L1

⩽ (∥fpgp∥Lu∥g−p∥Lv )1/p

=
∥fg∥L1

∥g∥Lq
.
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~K2: Lp�¹'X

Lp[a, b]'upî�↓ (HölderØ�ª)

Lp(R)éØÓ�ppØ�¹.

Lp(R) ⊃ Ap :=
{
fα, gβ : β <

1
p
< α

}

fα :=
1
xα
χ
[1,+∞) ∈ Lp(R) ⇐===⇒ α >

1
p

gβ :=
1
xβ
χ
(0,1) ∈ Lp(R) ⇐===⇒ β <

1
p

�.� 1
p
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~K3: p�ê�4�

lim
p→∞
∥f∥Lp(E)

m(E)∈(0,+∞)
========== ∥f∥L∞(E)
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p�ê�4�Y

y²: ∥f∥Lp(E) ⩽ ∥f∥L∞(E)m(E)1/p

�þ4�
=======⇒ lim

p→∞
∥f∥Lp(E) ⩽ ∥f∥L∞(E)
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p�ê�4�Y

∀ M < ∥f∥L∞(E)

======⇒ A =
{
x ∈ E : |f(x)| > M

}
, m(A) > 0

======⇒ ∥f∥Lp(E) ⩾ M m(A)1/p ,

�e(.
=======⇒ lim

p→∞
∥f∥Lp(E) ⩾ ∥f∥L∞(E)
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~K4: HölderØ�ª�í2

f , g ∈ L+(E), p, q ∈ [1,∞), r ∈ [1,+∞]. �½00 = 1.

1
r
=

1
p
+

1
q
− 1

=====⇒

∫
E

f(x)g(x)dx ⩽ ∥f∥
1− p

r
p ∥f∥

1− q
r

q

( ∫
E

fp(x)gq(x)dx
) 1

r .
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y²

fg = (fpgq)
1
r (f1− p

r g1− q
r )

1
r
+

1
r ′

= 1

∫
E

fgdm ⩽
( ∫

E
fpgqdm

) 1
r
( ∫

E
(f1− p

r g1− q
r )r ′dm

) 1
r′

(f1− p
r g1− q

r )r ′ = (fp)r ′( 1
p−

1
r )(gq)r ′( 1

q−
1
r )

r ′(
1
p
−

1
r
)�r ′(

1
q
−

1
r
)�ê�Ý
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~K5

f ∈ Lp(Rn), g ∈ Lq(Rn), p, q, rÓþ~K, r , ∞

h(x) =
∫
Rn

f(t)g(x − t)dt

=====⇒ ∥h∥r ⩽ ∥f∥p∥g∥q

y²g´ : O�

∫
Rn
(h(x))rdx,|^c~K+Fubini½n
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