
£�µLebesgueÈ©=RiemannÈ©+ÿÝØ

∫ b

a
f(x)dx

f�Kk.�ÿ
==================
d��{w�sL«

∫ M

0
m(f−1[y,+∞))dy

­>F/¡È u[y, y + dy)�¡È��=f−1[y,+∞) × [y, y + dy)

(x, y) ∈�s�1y ⩾ 0� ⇐==⇒ (x, y) ∈­>F/

⇐==⇒ y ⩽ f(x)

⇐==⇒ x ∈ f−1[y,+∞).
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�gSN:

8Ü�³´�S'X.

��³Ú��³

³�$�

ü��­��³ℵ0Úℵ (ℵÖ“C�Å”)

�3Ø�ÿ8Ü
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S�(�

 S8Ü(X ,⩽): Xþ'X÷v

(1)g�5: ∀ x ∈ X ==⇒ x ⩽ x

(2)�é¡5: x ⩽ y, y ⩽ x
∀x,y∈X
====⇒ x = y

(3)D45: x ⩽ y, y ⩽ z
∀x,y,z∈X
=====⇒ x ⩽ z

�S8Ü(X ,⩽) :�÷v

(4)�S5: ∀ x, y ∈ X ==⇒ x ⩽ y ½ y ⩽ x.
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Theorem 1

Cantor-Bernstein½n: ¯̄X ⩽ ¯̄Y , ¯̄Y ⩽ ¯̄X =⇒ ¯̄X = ¯̄Y
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³´�S

y: �3ü�f : X −→ Y Úg : Y −→ X .

∀x ∈ X
|^f−1Úg−1.£
==============⇒ x

g−1

−−−→ g−1(x)
f−1

−−→ · · ·

(�/1)��UYe�,¡x ∈ X∞ (®	ÚÛ¤

(�/2)ª��X¥,¡x ∈ XX (XK¤

(�/3)ª��Y¥,¡x ∈ XY (YK¤

dd�ÑX�¿©
==============⇒ X = X∞ ⊔ XX ⊔ XY .

Y = Y∞ ⊔ YX ⊔ YY (é¡(J).

5Pµü<f , gé^§.£Ð?µ«©�K"
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³´�S(Y)

äó: f(X∞) = Y∞.

(1). ∀ y ∈ f(X∞)
∃.£
====⇒
∃x∈X∞

y := f(x)
f−1

−−→ x
g−1

−−−→ · · ·��±Y

=====⇒ y ∈ Y∞

(2). ∀ y ∈ Y∞
∃.£
====⇒ y

f−1

−−→ x
g−1

−−−→ · · ·

=====⇒ y = f(x), x ∈ X∞

=====⇒ y ∈ f(X∞).
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äó: f(XX) = YX

(1). ∀ y ∈ f(XX)
∃.£
====⇒
∃x∈XX

y := f(x)
f−1

−−→ x
g−1

−−−→ · · ·ª��X

=====⇒ y ∈ YX

(2). ∀ y ∈ YX
∃.£
====⇒ y

f−1

−−→ x
g−1

−−−→ · · ·ª��X

=====⇒ y = f(x), x ∈ XX

=====⇒ y ∈ f(XX).
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d�E
======⇒
f´ü�

f : X∞ −→ Y∞, f : XX −→ YX7´V�.

g : YY −→ XYV�. (é¡(J).

=======⇒ h : X −→ Y V�:

h|X∞⊔XX = f , h|XY = g−1.

?2R(¥I��)



Ã��³

Ã��³½n: X < 2X (X , ϕ).

y²: �y{: �3÷�f : X −→ 2X .

=====⇒
{
x ∈ X : x < f(x)

}
∈ 2X = f(X)

=====⇒ �3x0 ∈ X : f(x0) =
{
x ∈ X : x < f(x)

}

(1) x0 ∈ f(x0) =⇒ x0 < f(x0)

(2) x0 < f(x0) =⇒ x0 ∈ f(x0)
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��³½n: Ã�8Ü¥��³��êÃ�8Ü�³

ℵ0 = N.

y²: ?¿Ã�8Ü�¹��f8.
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ëYÚ�³

ëYÚ�³½Â�¢ê8Ü�³:

c := ℵ := R.

ℵ0 < ℵ, 2N = ℵ
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CantorëYÚb�

CantorëYÚb�:

ℵ0 ⩽ X ⩽ ℵ ==⇒ X = ℵ0½öℵ.

ZermeloõFraenkelúnNX⇏
CantorëYÚb��ý½�ý.

5Pµ

ÀJún CantorëYÚb�

8ÜØ ³nØ
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³��$��\{!¦{!�$����(k��/�í2):

A1 + A2 := A1 ⊔ A2

A1 · A2 := A1 × A2

A
B

:= AB

PÒ: AB = {f : B −→ Aü�Nì}

Rn = R{1,2,··· ,n}
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½n: 2A = 2A

y: 2A def
==== {0, 1}A

A�¼ê=8Ü
============= 2A

5PµPÒAB5
u³�$�.

PÒ2A5
u{0, 1}A ≡ 2A .
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0 < 1 < 2 < · · · < ℵ0 < c < 2c < 22c
< · · ·
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p?�L«½n: p = 2, 3, · · · .

∀ x ∈ (0, 1), ∃ ! an ∈ {0, 1, · · · , p − 1},kÃ¡õ�an�",

��L«
=======⇒ x =

∞∑
n=1

an

pn = 0.a1a2 · · · (p),

��=�x ´p?�e�k¡�ê,L«��:

x
an,0
==== 0.a1a2 · · · an(p) = 0.a1 · · · an−1(an−1)(p−1)(p−1) · · · (p).

(��L«A:: ����0½��p-1,=k��~	)
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ℵ0Úℵ

½n: cℵ0 = c.

y: ü� (ê�À�¢ê)

φ : (0, 1)N −→ (0, 1]

{x1, x2, · · · } 7−→ 0. x11︸︷︷︸ x21x12︸ ︷︷ ︸ x31x22x13︸     ︷︷     ︸
é���{

· · ·

æ^�?�L«(Ã¡��"):

x1 == 0.x11x12x13 · · ·

x2 == 0.x21x22x23 · · ·

x3 == 0.x31x32x33 · · ·

· · ·

5Pµ ê�À�ê.
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ℵ0Úℵ(Y)

½n: cc = 2c .

y: �E

ü� Graph : [0, 1]R −→ 2R
2

f 7−→ Graph f

cℵ0 = c =⇒ c2 = c =⇒ R2 = R{1,2} = c2 = R.
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ℵ0Úℵ(Y2)

½n: 2ℵ0 = c.

y: ÷� ψ : 2Z −→ R+

ψ(A) =


∑

n∈A

1
2n , if Ake.

0, Ù§

(ò�ê8ÜA ⊂ ZÀ��?�ê).

2ℵ0 ⩾ c = cℵ0 ⩾ 2ℵ0 .
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ℵ0Úℵ(Y3)

Xn = ℵ0, ∀ n ∈ N =⇒
∞⋃

n=1
Xn = ℵ0.

Xn = c, ∀ n ∈ N =⇒
∞⋃

n=1
Xn = c.
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~K

à¼êf : (a, b) −→ RØ����ê8��.
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