
Borel8´Lebesgue�ÿ8

Theorem 1

B(Rn) ⊂ L (Rn).
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Borel8´Lebesgue�ÿ8Y
y²µ(1)k.mÝNI´Lebesgue�ÿ8:

�Ik´I�Ó%�qÂ 

dist(Ik , Ic) =
1
k
=⇒ dist(E ∩ Ik ,E ∩ Ic)

∀E⊂Rn

≥
1
k
.

ål	ÿÝ
=========⇒ m∗(E∩Ik )+m∗(E∩Ic) = m∗((E∩Ik )⊔(E∩Ic)) ⩽ m∗(E).

þª�4�(|^e�¯¢)

0 ⩽ m∗(E ∩ I) −m∗(E ∩ Ik ) ⩽ m∗(E ∩ (I \ Ik )) ⩽ m∗(I \ Ik ) = O(
1
k
).
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Borel8´Lebesgue�ÿ8Y2

(2)m8ÚBorel8´Lebesgue�ÿ8:

m8
Lindelof
======

⋃
��

k.mÝN,

Borelσ�ê ⊂ Lebesgueσ�ê
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(X , Γ, µ)´VÇÿÝ�m, An ∈ Γ, µ(An) = 1. Kµ(
∞⋂

n=1
An) = 1
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äN =====⇒ Ä�

O� =====⇒ (�
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Ä�ÿÝ

ÿÝ�m(X , Γ, µ): X´��8Ü, Γ ⊂ 2X ´σ-�ê.

µ : Γ −→ [0,+∞]´ÿÝµ

µ(∅) = 0

µ(
+∞⊔
k=1

Ak ) =
+∞∑
k=1
µ(Ak ), ∀ Ak ∈ Γ
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ÿÝA:

ÿÝ��[0,+∞]�ê5� (é~{Øµ4)

=⇒K��ÿÝ�©Û5�.

ÿÝØ¥��²:

(+∞) − (+∞)Ã¿Â,�±�[−∞,+∞]¥�?¿�.

(�ÿÝ~{�$�I�;m��²)
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(X , Γ, µ)´ÿÝ�m, {Ak }k∈N ∈ Γ.

(1) A1 ⊂ A2 ⊂ · · ·
leëY
=======⇒ lim

k→∞
µ(Ak ) = µ( lim

k→∞
Ak ).

(2) A1 ⊃ A2 ⊃ · · ·
µ(A1)<∞

=======⇒
lþëY

lim
k→∞
µ(Ak ) = µ( lim

k→∞
Ak ).

(^��
;m�²,
∞

∩
k=1

[k ,+∞) = ∅.)

(3) µ( lim
n→∞

Ak ) ⩽ lim
n→∞
µ(Ak ). ÿÝe�ëY
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ÿÝ5�Y

(4) µ(
∞⋃

k=1
Ak ) < +∞

=⇒ µ( lim
k→∞

Ak ) ⩽ lim
k→∞
µ(Ak ) ⩽ lim

k→∞
µ(Ak ) ⩽ µ( lim

k→∞
Ak ).

ÿÝσ�\5�4�/ª

VÇÿÝëY: �4�.
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ÿÝ�È©)Ö(ÐÚN���gSÊ��d½n)

8ÜØ ¼êØ

A = χA

µ(A) =
∫

X
χA (x)dµ(x)

ÿÝ È©
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ÿÝ5��È©)Ö

(1) ÿÝ�leëY5´üNÂñ½n�Ö/:

lim
n→∞

∫
X
χAn

(x)dµ(x)
χAn
↑

====

∫
X
lim

n→∞
χAn

(x)dµ(x).

(2) ÿÝ�lþëY5´Lebesgue��Âñ½n�Ö/:

|χAn
| ⩽ |χA1

| ∈ L1(X)

=⇒ lim
n→∞

∫
X
χAn

(x)dµ(x) =
∫

X
lim

n→∞
χAn

(x)dµ(x).
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ÿÝ5��È©)ÖY

(3) ÿÝe�ëY´FatouÚn�Ö/:∫
X
lim

n→∞
χAn

dµ(x) ⩽ lim
n→∞

∫
X
χAn

dµ(x).

(4) (X , Γ, µ), (Y ,
∑
, ν)´σk�ÿÝ�m,Ké∀ E ∈ Γ,F ∈

∑
∫

X×Y
χE×F(x, y)dµ(x)dν(y) =

∫
X

(∫
Y
χE×F(x, y)dν(y)

)
dµ(x)

=

∫
Y

(∫
X
χE×F(x, y)dµ(x)

)
dν(y)
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(1) lim
n→∞

Ak
Ak↑====

∞⋃
k=1

Ak
A0:=∅=====

∞⊔
k=1

(Ak \ Ak−1).

��µ(Ak )<∞
=========⇒

∀ k
µ( lim

k→∞
Ak ) =

∞∑
k=1

(µ(Ak ) − µ(Ak−1)) = lim
k→∞
µ(Ak ).

(2) µ( lim
k→∞

Ac
k )

Ac
k :=A1\Ak↑

========= µ(A1) − µ( lim
k→∞

Ak )

∥

lim
k→∞
µ(Ac

k ) = lim
k→∞

(µ(A1) − µ(Ak )) = µ(A1) − lim
k→∞
µ(Ak ).

(3) µ( lim
n→∞

An) = lim
n→∞
µ(
∞

∩
k=n

Ak ) ( lim
n→∞

An = lim
∞

∩
k=n

Ak ↑)

= lim
n→∞
µ(
∞

∩
k=n

Ak )

⩽ lim
n→∞
µ(An)
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LebesgueÿÝ��K5(Nym8Ú�ÿ8�É�'X)

LebesgueÿÝ´�K:

m(A)
A∈L (Rn)

==========
Â 

inf
A⊂Gm8

m(G)

��uSÿÝ
============

)ä
sup

K⊂A;8
m(K)

Littlewoodn�n��: �ÿ8�Øõ´m8.

?2R(¥I��)



y²

m(A)
A∈L (Rn)
======= inf

{
m(G) : A ⊂ Gm8

}

(1a) m(A) = ∞: �G = Rn.

(1b) m(A) < ∞: ∀ϵ > 0, ∃mÝNIk :

A ⊂
∞⋃

k=1

Ik ,
∞∑

k=1

|Ik | < m(A) + ϵ.

�G =
∞⋃

k=1

Ik ==⇒ m(A) ⩽ m(G) ⩽ m(A) + ϵ.
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m(A) = sup
{
m(K) :;8K ⊂ A

}
.

(2a) Ak.:

�±�:�¥%�k.mÝNI ⊃ A ,'uI�{8.

(1b)
======⇒
∀ ϵ>0

Ac ⊂ Gϵ ∩ I = Gϵ ⊂ I, m(Gϵ \ Ac) < ϵ.

�K=Gc
ϵ ⊂A

=======⇒ m(A \ K) = m(Gϵ \ Ac) = m(A ∩ Gϵ) < ϵ.
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;8 k.�ÿ8 k.�ÿ8 m8

K = Gc A Ac G = K c

A ⊂ I, Ac = I \ A .

K ⊂ A
�{éÜ
=======⇒ G ⊃ Ac
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Y4
(2b) AÃ.:

m(A) = lim
k→∞

m(Ak ), (Ak := A ∩ B(0, k) ↑ A).

(2b-1) m(A) < ∞:

∀ϵ>0
========⇒
∃;8K⊂Ak0

m(K) ⩽ m(A) ⩽ m(Ak0) +
ϵ

2
⩽ m(K) +

ϵ

2
+
ϵ

2
.

(2b-2) m(A) = ∞:

∀M > 0,�;8K ⊂ Ak0 £|^k.�/¤:

2M < m(Ak0) < m(K) + M =⇒ m(K) > M.
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8Ü k. Ã. S, 	

ÿÝ k� Ã� inf, sup

m(A) = lim
k→∞

m(Ak ), Ak = A ∩ B(0, k)k..
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Lebesgue�ÿ8´Borel8���z:

A ∈ L (Rn)
∃B1,B2∈B(Rn)
========⇒ B1 ⊂ A ⊂ B2, m(B2 \ B1) = 0.

�ÿØÚ�ÿ�

B1 B2

Fσ £fz�;8¤ Gδ £fz�m8¤

�ÿØ �ÿ�
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Littlewoodn�n��:

m8 �ÿÝ8

r f

Gδ 8 "ÿ8

f r
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Littlewoodn�n��

Lebesgue�ÿ8�x:

Lebesgue�ÿ8 = Borel8 ±"ÿ8.

Lebesgue�ÿ8 = Fσ +"ÿ8 = Gδ −"ÿ8.

Lebesgue�ÿ=m8+���-"ÿ8=48+��¿+"ÿ8.

Lebesgue�ÿ8 �K5
=======;8+�ÿÝ8.

Lebesgue�ÿ8 �K5
=======m8 −�ÿÝ8.
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Lebesgue�ÿ8ü�g

Lebesgue�ÿ8ü�g:

(1) Caratheodory^�.

(2) Borel8±"ÿ8.
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A ∈ L (Rn)
∃B1,B2∈B(Rn)
========⇒ B1 ⊂ A ⊂ B2, m(B2 \ B1) = 0.

(1) Ak = A ∩ B(0, k). (k.z)

(2) Kk ,j ⊂ Ak ⊂ Gkj , m(Gk ,j \ Kk ,j) <
1

2k+j . ( ϵ2kE|)

(3)
⋃
k

Kk ,j ⊂ A ⊂
⋃
k

Gkj , ∀ j

(4) B1 :=
⋃
j

⋃
k

Kk ,j ⊂ A ⊂
⋂
j

⋃
k

Gkj =: B2. (Â !)ä)

(5) B2 \ B1 ⊂
⋃
k

Gk ,j \ B1 ⊂
⋃
k
(Gk ,j \ Kk ,j) =⇒ m(B2 \ B1) ⩽

1
2j → 0.
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ϵ − room�°[z :
ϵ

2k
E|:

�9�g%C:

ϵ =
∞∑

k=1

ϵ

2k

�9�g%C:

A ⇐===== {Ak }k∈N ⇐===== {Gk ,j ,Kk ,j}k ,j∈N.

ϵ =
∞∑

k=1

ϵ

2k
=
∞∑

j=1

∞∑
k=1

ϵ

2k+j
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ÿÝ�m��z

�(X , Γ, µ)´ÿÝ�m,KÙ��z(X , Γ, µ)´��ÿÝ�m,
Ù¥

Γ :=
{
A ∪ Z : A ∈ Γ, Z ∈ N

}
N =

{
Z ⊂ X : ∃ N ∈ Γ, Z ⊂ N, µ(N) = 0

}
µ(A ∪ Z) := µ(A).
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LebesgueÿÝ��

LebesgueÿÝ�m(Rn,L (Rn),m)

∥

BorelÿÝ�m(Rn,B(Rn),m)���z.

y²: ��z½n=⇒ L (Rn) ⊂ B(Rn).

LebesgueÿÝÿÝ´NÈí2,´��zÿÝ

=⇒ L (Rn) = L (Rn) ⊃ B(Rn).
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