
Borel-CantelliÚn: 8Ü4�Ø¥�­�Ún

�(X , Γ, µ)´ÿÝ�m, An ∈ Γ (∀ n). K

∞∑
n=1

µ(An) < +∞ =====⇒ µ( lim
n→∞

An) = 0

y²:

0 = lim
n→∞

∞∑
k=n

µ(Ak ) ⩾ lim
n→∞
µ(
∞

∪
k=n

Ak ↓)(⩾ lim
n→∞
µ(An))

= µ( lim
n→∞

∞

∪
k=n

Ak ) (db�
∞

∪
n=1

AnÿÝk�)

= µ( lim
n→∞

An)

5P: éu	ÿÝaq(J¤á.
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~K1

�
∞∑

n=1

√
λn < +∞, λn > 0, an ∈ R,K

∞∑
n=1

λn

|x − an |
< ∞, a.e. x ∈ R.

y²: An = B(an,
√
λn), K

∞∑
k=1

|An | =
∞∑

k=1

2
√
λn < +∞.

R
Borel−Cantelli
========= lim

n→∞
An︸  ︷︷  ︸

"ÿ8

⊔
lim

n→∞
Ac

n

x ∈ lim
n→∞

Ac
n

∃N(x)
=====⇒ x ∈ Ac

n =|x − an | ⩾
√
λn (∀ n > N(x))

=====⇒
λn

|x − an |
⩽

√
λn (∀ n > N(x))
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~K2
�α > 2. Pp, q ∈ N, (p, q) = 1.

E = {x ∈ [0, 1] : ∃Ã¡�knê
p
q
∈ [0, 1]÷v|x −

p
q
| ⩽

1
qα
}.

y²: m(E) = 0.

y²: �½p, q ∈ N,PAp,q = {x ∈ [0, 1] : |x −
p
q
| ⩽

1
qα
}.

Aq :=

q⋃
p=1

Ap,q, m(Ap,q) ⩽
2
qα

=======⇒ E ⊂ A = lim
q→∞

Aq,

∞∑
q=1

m(Aq) < ∞

Borel−Cantelli
========⇒ m(A) = 0
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~K1
∀Ø�ÿ8ÜK0 ⊂ R,�3K1 ⊂ K0, K1¥�Lebesgue�ÿ8
7�"ÿ8"

Ø��m∗(K0) < ∞.

Ø��λ > 0:

λ := sup
E∈Γ

m(E), Γ :=
{
E ∈ L (Rn) : E ⊂ K0

}

þ(.���:

� lim
k→∞

m(Ek )
Ek∈Γ==== λ

=⇒ λ ⩽ m(
∞⋃

k=1

Ek ) ⩽ sup
E∈Γ

m(E) = λ

K0 = K1 ⊔
∞⋃

k=1
Ek , K1÷v�¦(�y).
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~K2

E < L (Rn)
∃ϵ0>0
⇐==⇒ m∗(E \ A) ⩾ ϵ0, ∀ A ∈ L (Rn).

7�5: �y{µb��3Ak ∈ L (Rn)

m∗(E \ Ak ) ⩽
1
k
, ∀ k ∈ N.

=⇒ E =
∞⋃

k=1

Ak ⊔ Z ∈ L (Rn).

ù´Ï�m(E \
∞⋃

j=1

Aj) ⩽ m∗(E \ Ak ) ⩽
1
k
.

¿©5: �y{µb�E ∈ L (Rn).

ÿÝ�K5
=========⇒ ∀ ϵ > 0,∃4F ⊂ E : m(E \ F) < ϵ.
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E < L (Rn)
∃ϵ0>0
⇐==⇒ m∗(G \ E) ⩾ ϵ0, ∀ E ⊂ G ∈ L (Rn).

Ø�ÿ8Ã{^�ÿ8ÜÂ ½)ä%C.

E < L (Rn)
∃ϵ0>0
===⇒ m(A ∩ B) ⩾ ϵ0, ∀ A ,B´�¹E��ÿ8.

y²: m(A ∩ B) ⩾ m∗((A ∩ B) \ E) ⩾ ϵ0.

Ø�ÿ8�Ù{8Ã{^�ÿ8f�,§�Ã>�/Å�3
�å £m∗(A \ E) ⩾ ϵ0, m∗(A c \ E) ⩾ ϵ0¤.
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ÿÝσ�\5�4�Lã

LebesgueÿÝ��K5: (�ÿ8Úm8!;8�'X)

LebesgueÿÝ�Lebesgue�ÿ8��
), LebesgueÿÝ�
�K5d�ÿ8Úm8!;8�'XNy.

Littlewoodn�n��

LebesgueÿÝ���5: (�ÿ8=Borel8+"ÿ8)
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Lebesgue�ÿ8

∃!ÿÝ�m (Rn, Γ, m) :

Γ = Lebesgueσ�ê = Lebesgue�ÿ8�N,

m = LebesgueÿÝ.

Γ ⊃ Rn¥m8�N (Borel8�ÿ)

∀ A ⊂ B ∈ Γ, m(B) = 0 =⇒ A ∈ Γ. (��ÿÝ)

¤k4ÝN ∈ Γ, ÙÿÝ =ÙNÈ (NÈí2)

m(A) = m(x + A), ∀ A ∈ Γ. (²£ØC)

Lebesgue σ�ê====
〈
Borel σ�ê + ¤k�"ÿ8

〉
.
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Littlewoodn�n��: �ÿ8�m8!48�'X

	ÿÝ�5�

�ÿ8�5�: ÿÝ��Ý

Steinhaus½n (éXÿÝØÚÿÀÆ)
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Littlewoodn�n��: �ÿ8�m8!48�'X

e��d:

A´Rn¥Lebesgue�ÿ8

∀ ϵ > 0, ∃ Rn¥48FÚm8G :

F ⊂ A ⊂ G, m∗(A \ F) < ϵ, m∗(G \ A) < ϵ.
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5P

Littlewoodn�n��:

�ÿ8=48+�ÿÝ8=m8-�ÿÝ8.

k.�ÿ8=;8+�ÿÝ8=m8-�ÿÝ8.

�ÿÝ�K5ØÓ:

A = Rn, FØU�;8

m(F) ≫ 1, m∗(A \ F) = +∞.
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5P

Littlewoodn�n��:

m8 + �ÿÝ8 Gδ 8 + "ÿ8

r f f r
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5P

ÿÝØI�?n inf,ù´4��,�¡8

e^4ÝNCX2Â ½Â	ÿÝ,K

�ÿ����Fσ8.

PQ = {r1, r2, · · · }

G :=
∞⋃

n=1

(rn −
ϵ

2n , rn +
ϵ

2n ), G ⊃ Q = R

m(G) ⩽ 2
∞∑

m=1

ϵ

2n = 2ϵ, m(G) = +∞.
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�d�x�y²

A ∈ L (Rn)
∀ϵ>0,∃4FmG
==========⇒

F⊂A⊂G
m∗(A \ F) < ϵ, m∗(G \ A) < ϵ.

Ak := A ∩ B(0, k) ↑ A ,

Ak ⊂ Gk ,

m(Gk \ Ak ) <
ϵ

2k

�G :=
⋃

k

Gk

=⇒ G \ A =
∞⋃

k=1

(Gk \ A) ⊂
∞⋃

k=1

(Gk \ Ak ) =⇒ m∗(G \ A) < ϵ.
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Y1

|^�{8ò	Â C�S)ä:

éuAc ,�3m8G̃:

Ac ⊂ G̃, m∗(G̃ \ Ac) < ϵ.

�F := G̃c ,K

A \ F = A ∩ G̃ = G̃ \ Ac .
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Y2

A ∈ L (Rn)
∀ϵ>0,∃4FmG
⇐==========

F⊂A⊂G
m∗(A \ F) < ϵ, m∗(G \ A) < ϵ.

(1) Kk ⊂ A ⊂ Gk , m(Gk \ Kk ) <
ϵ

2k . ( ϵ2kE|)

(2) B1 :=
⋃
k

Kk ⊂ A ⊂
⋂
k

Gk =: B2. m(B2 \ B1) = 0

(3) A = Gδ \ Z = Fσ ∪ Z ∈ L (Rn).
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ÿÝ²£ØC5

mÝNNÈ²£ØC5
J,
====⇒
¢D

	ÿÝ.

m∗(x0 + E) = m∗(E).

y²: ∀ ∪
k

Ik ⊃ E =⇒ m∗(x0 + E) ⩽
∑
k
|x0 + Ik | =

∑
k
|Ik |

=⇒ m∗(x0 + E) ⩽ m∗(E)

m∗(E) ⩽ m∗((−x0) + (x0 + E)) ⩽ m∗(x0 + E).
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ÿÝ²£ØC5(Y)

eA�ÿ,Kx0 + A�ÿ,�ÿÝ�Ó.

y²:

A =
⋂

k

Gk \ Z =⇒ x0 + A =
⋂

k

(x0 + Gk ) \ (x0 + Z) ∈ L (Rn).

Ù¥
m∗(x0 + Z) = m∗(Z) = 0.
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	ÿÝ�ÿ�

E��ÿ�H:

H ⊃ E, H´Gδ8, m∗(H) = m∗(E).

5PµH \ E �UØ´"ÿ8,ÄKE�ÿ.

5PµÿÝ5�
�ÿ�
=====⇒	ÿÝ5�.
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Y

5P: m∗(E) = inf
{
m(G) :mG ⊃ E

}
.

5P�y²: (1) m∗(E) = ∞ :

G ⊃ E =====⇒ m∗(G) ⩾ m∗(E) = ∞

(2) m∗(E) < ∞ :

∀ ϵ > 0,∃ IkmÝN :
∞∑

k=1

|Ik | ≤ m∗(E) + ϵ

=⇒ G :=
∞⋃

k=1

Ik , mG ⊃ E, m(G) ≤
∞∑

k=1

|Ik | ≤ m∗(E) + ϵ.
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Y

�ÿ��35�y²:

(1) m∗(E) = ∞ :
H = Rn

(2) m∗(E) < ∞ :

�m8Gk ⊃ E, m(Gk ) ⩽ m∗(E) + 1
k .

H :=
⋂

k

Gk =⇒ m∗(E) ⩽ m(H) ⩽ m(Gk ) ⩽ m∗(E) +
1
k

=⇒ m∗(E) = m(H).
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	ÿÝ5�

e�ëY5 (FatouÚn�,�¡8)

m∗(limEk ) ⩽ limm∗(Ek ).

üNÂñ½n�,�¡8

m∗(limEk )
Ek↑==== limm∗(Ek )
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	ÿÝ5�(Y)

y²: (1)�Hk ´Ek��ÿ�,K

m∗(limEk ) ⩽ m(limHk )

⩽ limm(Hk ) (FatouÚn)

= limm∗(Ek ).

(2)�Ek ↑,K

lim
k→∞

m∗(Ek )
Ek↑

⩽ m∗( lim
k→∞

Ek )
(1)
⩽ lim

k→∞
m∗(Ek ) = lim

k→∞
m∗(Ek ).
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ÿÝ��Ý

Theorem 1

sup
�òzÝNI

m(I ∩ E)

m(I)
E⊂Rn�ÿ
========


1, m(E) > 0

0, m(E) = 0.
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ÿÝ��Ý(Y)
y²µ

Ø��E´k.�ÿ8: ù´Ï�m(E ∩ B(0, n0)) ↑ m(E).

��y²1�«�/"�y{: b�

sup
IÝN

m(I ∩ E)

m(I)
= λ ∈ (0, 1).

∀ ϵ > 0,�mÝNIk :

E ⊂
⋃

k

Ik ,
∑

k

|Ik | < m(E) + ϵ.

=⇒ m(E) ⩽ m(
⋃

k

(Ik ∩ E)) ⩽
∑

k

λm(Ik ) < λ(m(E) + ϵ) gñ
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Steinhaus½n

Theorem 2 (Steinhaus)

m(E) > 0
E⊂Rn

===⇒ 0 ∈ (E − E)◦

(ÿÝØ) (ÿÀÆ)

E︸       ︷︷       ︸
�8Ü(�ÿ8)

8Ü~{
=======⇒ E − E︸             ︷︷             ︸

�8Ü(¹S:)

ÿÝØ ÿÀÆ
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E − E ======


ÿÀÆ¥��8Ü(¹S:), m(E) > 0

�½, m(E) = 0.

N−N = Z, C − C = [−1, 1].
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C−C C´Cantor8
============ [−1, 1]. C+C == [0, 2].

y²: ∀x ∈ (0, 1] ∃ I ⊔ J ⊂ N
==========

∑
n∈I

1
3n +

∑
n∈J

2
3n

=⇒ x =
1
2
(a + b), a =

∑
n∈I

2
3n +

∑
n∈J

2
3n , b =

∑
n∈J

2
3n

=⇒ [0, 1] =
1
2
(C + C), C = limCn = lim(1 − Cn) = 1 − C

=⇒ C − C = C − (1 − C) = C + C − 1 = 2[0, 1] − 1 = [−1, 1].
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Y

�{µ

lEÑu
ÏL�$�

===========⇒
V\I,2�KE

��I.
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�mÝNI

m(I ∩ E)

m(I)
= λ

δ=I���>�
===========⇒

λ>1− 1
2n+1

(
−δ

2
,
δ

2
)n ⊂ E − E.
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Y2
�y{: �3x0 ∈ (

−δ
2 ,
δ
2)

n (δ = I���>�).

x0 < E − E =⇒ x0 + E�EØ��

=⇒ x0 + I ∩ E�I ∩ EØ��

=⇒ m((x0 + I ∩ E) ⊔ (I ∩ E)) ⩽ m((x0 + I) ∪ I)

�> = 2m(I ∩ E) = 2λm(I)

m> = m(x0 + I) + m(I) −m((x0 + I) ∩ I)) ⩽ (2 −
1
2n )m(I).

dd��gñ. ·�|^
±e¯¢µx0 + I´I�6Ä,

(x0 + I) ∩ I ⊃�N, ÙNÈ ⩾ (
1
2
)n |I|.
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