
~K

m(E) > 0
E⊂R
===⇒ (E + E)◦ , ∅.

Er,�m«m�Øõ¿÷,Ø��Tm«m�(0, 1),
�

m(A) >
3
4
, A := E ∩ (0, 1).

b�E + EÃS:. �

x0 ∈ (1,
3
2
) \ (E + E).

ü�pØ���f8:

A ⊂ (0, 1), x0 − A ⊂ (1,
3
2
) − (0, 1) ⊂ (0,

3
2
)

=⇒ m((x0 − A) ⊔ A)) >
3
2
. gñ
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~K

ef : R −→ R3���ÿ8þk.(~XÛÜk.),äk�\
5,K§äk�55.

y²: ·��yf(x) = f(1)x.

f3�ÿ8Ek.
Steinhaus½n
===========⇒

[−δ,δ]⊂E−E
f3�:NC[−δ, δ]k..

d�55

nf(
m
n
) = f(m) = mf(1) =⇒ f(

m
n
) =

m
n

f(1).

|f(x) − f(1)x | ∀�½x,n
============
� r∈Q: |x−r |<δ/n

∣∣∣∣∣1n f(n(x − r)) + (r − x)f(1)
∣∣∣∣∣

⩽
M
n

+
δ

n
|f(1)| → 0
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~K

�T : Rn −→ Rn´�_�5C�, E´Rn¥�ÿ8. K

m(TE) = | detT |m(E).

y²: T =Ð�C��EÜ.ù�)� !�S!��C�"
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Y

(1) E = [0, 1)n.

éu��C�, n = 2�/:

y1 := Tx1 = x1 + x2, y2 := Tx2 = x2.

x2 = 0 x1 = 1 x2 = 1 x1 = 0

y2 = 0 y1 − y2 = 1 y2 = 1 y1 = y2

TòIO��/[0, 1) × [0, 1)Nì�²1o>/,.>�[0, 1)«m,
p�1.

=⇒ m(TE)
E=[0,1)n

======= | detT |m(E).
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Y

(2) E =m8.

éRn?1�?�\�¿©, G�z�:7á3,��?��N.

=⇒ G =
⊔
��

([0, 1)n� ²£).

8(u�/(1).

m(TG) = | detT |m(G).
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(3) E�ÿ.

E =
∞

∪
k=1

Gk \ Z =⇒ TE =
∞

∪
k=1

TGk \ TZ

m∗(TZ) = inf{m(G̃) :m8G̃ ⊃ TZ}

= inf{m(TG) :m8G ⊃ Z} (T´Ó�,G := T−1G̃)

= | detT | inf{m(G) :m8G ⊃ Z}

= | detT | m(Z) = 0.
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E�ÿ =⇒ TE�ÿ

m(TE) = inf{m(G̃) :m8G̃ ⊃ TE}

= inf{m(TG) :m8G ⊃ E} (T´Ó�,G := T−1G̃)

= | detT | inf{m(G) :m8G ⊃ E}

= | detT | m(E).
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Rn ,
⋃
��

�²¡

?2R(¥I��)



�!Ì�SN

Ch3�ÿ¼ê

�ÿ¼ê

�ÿ¼ê'u$��µ45
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Ch2ÚCh3'X:J,

8ÜØ A�¼ê�¼êØ ¼êØ

A = χA f = (χA ,+, ·, lim)

�ÿ8 = �ÿ¼ê �ÿ¼ê

m(A) =
∫
Rn
χA (x) dm(x)

∫
Rn

f(x) dm(x)

ÿÝ È© È©

Ch2 Ch3
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¢©Û¥��²: 5gÿÝ����ê5�

ÿÝØ¥��²:

m(E1) −m(E2) = (+∞) − (+∞)Ã¿Â.

(�ÿÝ~{�$�I�;m��²)

È©Ø¥��²:

∫
Rn

χE1
(x)dx −

∫
Rn

χE2
(x)dx = (+∞) − (+∞)Ã¿Â.

(�ÿ¼ê=(χA ,+, ·, lim))�UØ�È,I�GØ�²,�)�Èfa)
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�ÿ¼êå


­>F/¡È�í2¥,éy¶?1©�,�Kk.¼ê�¤
�­>F/¡Èk½Â�cJ^�´¼ê�ÿ. ù
uvk
�r�U�ºf5½ÂÿÝ.

­>F/¡È´�kÎÒ�¡È,3¢¶þ���,ÄK�
K.�
;m+∞− (+∞)�²,I�ò�ÿ¼êa ���
È¼êa.

3Ä�nØ¥,�ÿ¼ê´�ëY¼ê/ �Ó�¼êa§
©Oäáu¢©ÛÚ:8ÿÀ.2Â¢��ÿ¼êaéu�
êÚ4�$�µ4. �È¼ê�N�¤Banach�m.
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�ÿ¼ê

Ä��ÿ¼ê

f : (X , ΓX) −→ (Y , ΓY )�ÿ
def
⇐==⇒ f−1(ΓY ) ⊂ ΓX

(�ÿ8���´�ÿ8)

Ä�ëY¼ê

f : (X , τ(X)) −→ (Y , τ(Y))ëY
def
⇐==⇒ f−1(τ(Y)) ⊂ τ(X)

(m8���´m8)
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�ÿ¼ê�d�x

�ÿ¼ê|^)¤��x

f : (X , ΓX) −→ (Y , ΓY )�ÿ ⇐==⇒ f−1(F ) ⊂ ΓX , σ(F ) = ΓY .

()¤�8ÜF¥�ÿ8����ÿ)

y²: Γ := {E ∈ ΓY : f−1(E) ⊂ ΓX }

F ⊂ Γ, Γ´σ�ê =⇒ ΓY ⊂ Γ
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~K

�3[0, 1]«m�Ó�,Ø÷v: �ÿ8���´�ÿ8.

�[0, 1]î�üN�Ó�:

f :=
1
2
(Cantor¼ê+ð�¼ê).

[0, 1]�¿©:

[0, 1] = C ⊔
∞⊔

n=1

2n−1⊔
k=1

In,k , |In,k | =
1
3n

f [0, 1] = f(C) ⊔
∞⊔

n=1

2n−1⊔
k=1

f(In,k ), f [0, 1] = [0, 1].
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3m«mIn,kþ:

f |In,k
Cantor¼ê�~ê

================
��uIn,k

1
2
~ê+

1
2
ð�

∣∣∣∣∣
In,k

=²£+
1
2
� .

=⇒ m(f(In,k )) =
1
2

m(In,k ), m(f(
∞⊔

n=1

2n−1⊔
k=1

In,k )) =
1
2
.

=⇒ m(f(C)) =
1
2
.

?2R(¥I��)



Y

m(f(C)) > 0 =====⇒ �3Ø�ÿ8W ⊂ f(C)

g := f−1, Z := g(W) ⊂ g(f(C)) = C.

Lebesgue�ÿ8Z���g−1(Z) = WØ´Lebesgue8.

5Pµ "ÿ8ZØ´Borel8. (ÄKW = g−1(Z) ∈ L (R))
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Lebesgue�ÿ¼ê

�E´Rn þ�ÿ8.

L (E) := L (Rn) ∩ E = EþLebegue σ�ê.

f : E −→ R Lebesgue�ÿ:

f : (E,L (E)) −→ (R,B(R))�ÿ.

��R¥,%@�σ�ê´Borelσ�êB(R).
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Borel σ�ê

Borel σ�ê´ÿÀÆÚÿÝØ�xù,o�ëYÚ�ÿ.

ëY7�ÿ

8Ü��ÿÚ¼ê��ÿ�NA = χA .
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Borel σ�ê)¤�

Borel σ�ê�)¤

B(R) = σ(τ(R))

= σ
{
(a,+∞) : a ∈ R

}
= σ

{
[a,+∞) : a ∈ R

}
= σ

{
[a, b) : a < b , a, b ∈ R

}
.

5¿: (a, b) =
∞⋃

n=1
(R \ (b − 1

n ,+∞)) ∩ (a,+∞).
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Lebesgue�ÿ�OOK

Lebesgue�ÿ¼ê�OOK.

f : E −→ R Lebesgue�ÿ

= m8����ÿ

= m�m��(a,+∞)����ÿ

= �m�4k.«m[a, b)����ÿ.
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Lebesgue�ÿ¼ê�È©=RiemannÈ©+ÿÝØ

Lebesgue�ÿ¼ê�È©

∫ b

a
f(x)dm(x) 0⩽f<M

=====

∫ M

0
m(f−1[y,+∞)) ↓ dy.
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R�Lebesgue�ÿ¼ê

*¿¢¶R = [−∞,+∞].

L (E,R) := �ÿ8EþLebesgue�ÿ¼ê�N

L (E) = L (E,R) := �ÿ8EþR�Lebesgue�ÿ¼ê�N.
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R�Lebesgue�ÿ¼ê(Y)

ïÄR�Lebesgue�ÿ¼ê�nd.

L (E,R)'uþ!e4�$�µ4,'L (E,R)äk`�5.

òa.e.��À�ð��

L1(E,R) = L1(E,R).
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*¿¢¶�À�4«m

*¿¢¶�4«m�V�éA:

Φ : R −→ [−
π

2
,
π

2
]

x 7−→ arctan x

aqü:;z
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*¿¢¶�ål

R´Ýþ�m:

ål.£(Φ´�å)

dist(x, y) := |Φ(x) − Φ(y)|.
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*¿¢¶�ÿÀ

R´Ýþ�m: m8.£(Φ´Ó�),

[− π2 ,
π
2 ]�f�mÿÀ

(X , τ)´ÿÀ�m
E⊂X

=========⇒
f�mÿÀ

(E, τ|E)´ÿÀ�m.

R´;8,aqü:;z.

R¥�ÿÀ:

τ(R) =d(a, b), (a,+∞], [−∞, b))¤.
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*¿¢ê�Borel σ�ê

*¿¢ê�Borel σ�ê.

B(R) = σ(τ(R))

= σ{(a,+∞] : a ∈ R}

= σ{[a,+∞] : a ∈ R}

= {A ⊔ B : A ∈ B(R), B = ∅, {+∞}, {−∞}, {+∞,−∞}}
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*¿¢��Lebesgue�ÿ¼ê

*¿¢�Lebesgue�ÿ¼ê�OOK.

f : E −→ R Lebesgue�ÿ

⇐⇒ f : (E,L (E)) −→ (R,B(R)) Lebesgue�ÿ

⇐⇒ m8����ÿ, {+∞}, {−∞}����ÿ

⇐⇒ m�m������ÿ, {+∞}, {−∞}����ÿ

⇐⇒ �m�4k.«m����ÿ, {+∞}, {−∞}����ÿ
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û½5:

û½5:

¢�¼êf : E −→ R�g,/À�*¿¢�¼êf : E −→ R

üö�ÿ5��.
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EÜ$�:

f ∈ C(Rn), g : Rm −→ Rn�ÿ =⇒ f ◦ g�ÿ.

y: ∀m8G ⊂ Rn =⇒ (f ◦ g)−1(G) = g−1(f−1(G))�ÿ.

?2R(¥I��)


